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Abstract

In multi-objective decision-making with hierarchical prefer-
ences, lexicographic bandits provide a natural framework for
optimizing multiple objectives in a prioritized order. In this
setting, a learner repeatedly selects arms and observes re-
ward vectors, aiming to maximize the reward for the highest-
priority objective, then the next, and so on. While previous
studies have primarily focused on regret minimization, this
work bridges the gap between regret minimization and best
arm identification under lexicographic preferences. We pro-
pose two elimination-based algorithms to address this joint
objective. The first algorithm eliminates suboptimal arms se-
quentially, layer by layer, in accordance with the objective
priorities, and achieves sample complexity and regret bounds
comparable to those of the best single-objective algorithms.
The second algorithm simultaneously leverages reward in-
formation from all objectives in each round, effectively ex-
ploiting cross-objective dependencies. Remarkably, it outper-
forms the known lower bound for the single-objective bandit
problem, highlighting the benefit of cross-objective informa-
tion sharing in the multi-objective setting. Empirical results
further validate their superior performance over baselines.

Introduction

The multi-armed bandit (MAB) problem is a foundational
framework for sequential decision-making under uncer-
tainty (Robbins 1952; Lai and Robbins 1985; Auer 2002),
with widespread applications in domains such as online
recommendation systems (Schwartz, Bradlow, and Fader
2017), clinical trials (Villar, Bowden, and Wason 2015), and
adaptive routing (Awerbuch and Kleinberg 2008). In the
classical MAB setting (Bubeck and Cesa-Bianchi 2012), a
learner repeatedly selects one arm from a finite set of K
arms, each associated with an unknown reward distribu-
tion. Upon each selection, the learner observes a stochas-
tic reward sampled from the distribution of the chosen arm.
Depending on the learning objective, bandit algorithms are
generally categorized into two primary paradigms: (1) re-
gret minimization (RM), which aims to minimize the cu-
mulative regret incurred by not always selecting the opti-
mal arm (Auer, Cesa-Bianchi, and Fischer 2002; Abbasi-
yadkori, Pal, and Szepesvari 2011; Lykouris, Mirrokni, and
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Paes Leme 2018); and (2) best arm identification (BAI),
which aims to identify the optimal arm using as few sam-
ples as possible (Audibert and Bubeck 2010; Karnin, Koren,
and Somekh 2013; Jamieson et al. 2014; Kaufmann, Cappé,
and Garivier 2016; Jin et al. 2024).

While traditional bandit algorithms focus on optimizing a
scalar reward (Auer, Cesa-Bianchi, and Fischer 2002), many
real-world applications involve multiple, often conflicting
objectives (Xie et al. 2021; Shu et al. 2024), which moti-
vate the study of the multi-objective bandit problem (Drugan
and Nowe 2013). Several formulations have been proposed
in this context, including scalarized regret minimization
(Q. Yahyaa, M. Drugan, and Manderick 2015), Pareto regret
minimization (Lu et al. 2019; Xu and Klabjan 2023), and
Pareto set identification (Auer et al. 2016). These methods
offer different strategies for managing trade-offs among ob-
jectives, but generally assume that all objectives are equally
important or can be aggregated into a single scalar value.
However, in many practical scenarios, objectives have inher-
ently different priorities. For instance, in medical diagnosis
(Alkaabneh and Diabat 2023), patient safety typically out-
weighs considerations such as cost or treatment speed; in
recommendation systems (Li et al. 2023), fairness may be
prioritized over user engagement.

An effective framework for modeling such hierarchical
decision-making is lexicographic bandits (Tekin and Turgay
2018; Hiiyiik and Tekin 2021), where the agent seeks to opti-
mize multiple objectives according to the lexicographic (i.e.,
priority-based) order. Unlike approaches that aggregate ob-
jectives into a single scalar using linear weights, the lexi-
cographic bandit framework preserves the dominance struc-
ture: higher-priority objectives must be optimized before
lower-priority ones are considered. This formulation pro-
vides a more faithful representation of structured decision-
making in sensitive applications such as hyperparameter op-
timization (Zhang et al. 2023) and multi-criteria resource al-
location (Kurokawa, Procaccia, and Shah 2018).

Research on lexicographic bandits has attracted increas-
ing attention in recent years, with most studies focusing on
the RM task (Tekin and Turgay 2018; Hiiyiik and Tekin
2021; Xue et al. 2024). However, to the best of our knowl-
edge, another significant task in the bandit literature, BAI,
has not yet been explored in the context of lexicographic
bandits. In many real-world scenarios, it is important to min-



imize regret during the learning phase while also accurately
identifying the optimal arm at the end (Zhong, Cheung, and
Tan 2023). For instance, in clinical trials, ethical considera-
tions require providing effective treatments during the study
(low regret), while the ultimate goal is to determine the most
effective treatment (accurate BAI). These dual requirements
motivate a central research question:

Can we design algorithms for lexicographic bandits that
effectively unify RM and BAI?

In this work, we answer this question affirmatively and
demonstrate that a unified treatment of RM and BAI in
lexicographic bandits is not only possible, but also yields
surprising benefits. In particular, the rich multi-objective
feedback naturally accelerates the elimination of subopti-
mal arms during the BAI process, thereby reducing the need
to explore inferior actions and mitigating cumulative regret.
This positive feedback loop between accurate identification
and efficient learning highlights an unexpected advantage of
jointly addressing BAI and RM in lexicographic bandits.

This paper presents the first algorithmic framework for
lexicographic bandits that simultaneously tackles both RM
and BAI tasks. Our main contributions are as follows:

* We propose a simple yet effective elimination-based al-
gorithm, LexElim-Out, which sequentially filters sub-
optimal arms, starting from the highest-priority objec-
tive and proceeding to the lowest. This top-down elim-
ination strategy ensures that lower-priority objectives
are only considered after higher-priority objectives have
been sufficiently optimized. Theoretically, LexElim-Out
matches the best-known problem-dependent BAI guar-
antees for the primary objective, without compromising
performance when optimizing additional objectives.

e We further develop an enhanced algorithm, LexElim-
In, which eliminates arms using joint reward informa-
tion from all objectives in each round. By simultaneously
incorporating information across objectives during each
decision step, LexElim-In accelerates the identification
and elimination of suboptimal arms. We show that it sur-
passes the known lower bounds for single-objective ban-
dits in both regret and sample complexity, highlighting
the advantage of exploiting the multi-objective structure.

e LexElim-In also enjoys anytime performance guaran-
tees. Specifically, we establish a minimax regret bound
of O(A*(\) - VKt) for each objective i € [m] at any
round ¢t > 1, ensuring that the regret grows at most at a
square-root rate over time. This bound is comparable to
the best-known results in single-objective bandits, while
operating in a more challenging multi-objective setting.

* Through extensive experiments on synthetic data, we
demonstrate that both LexElim-Out and LexElim-In out-
perform existing baselines in cumulative regret and BAI
sample complexity. Notably, LexElim-In exhibits supe-
rior performance on some instances, validating the bene-
fit of joint exploitation of multi-objective reward signals.

Preliminaries

This paper studies the lexicographic bandit problem, where
a learner selects arms to simultaneously optimize multiple
objectives that are ranked according to their importance.

Let K € N, denote the number of objectives, and m €
N be the number of objectives. For any N € N, let [N] =
{1,2,..., N} denote the index set. At each round ¢t € [T,
the learner chooses an arm a; € [K| and receives a stochas-
tic reward vector ¢ (a;) = [ri(as),r2(at),...,r"(as)] €
R™. The component 7 (a;) corresponds to the reward for
the i-th objective and is independently drawn from a 1-
sub-Gaussian distribution with an unknown mean p'(a;) €
[0,1]. That is, forall 8 € R and ¢ € [m],

Bl < exp (87/2),  p'(ar) = Elria)]. (D

The key challenge in lexicographic bandits is managing
the hierarchical structure of objectives: the learner must op-
timize the most important objective first, followed by the
second-most important, and so on. To formalize this, we
adopt the standard notion of lexicographic dominance from
prior work (Hiiyiik and Tekin 2021; Xue et al. 2024).

Definition 1 (Lexicographic Order) Ler aq, az € [K] be
two arms. We say that a, lexicographically dominates ay if
there exists an index i € [m] such that 117 (a1) = p? (az) for
all j < i, and pi(ar) > pi(az).

An illustrate example is that the arm with expected re-
wards [5, 5, 2] lexicographically dominates the arm with ex-
pected rewards [5, 4, 8], even though the latter has a higher
value on the third objective. Lexicographic order induces a
total order over arms, enabling the comparison of any two
arms and thereby defining the notion of the lex-optimal arm.

Definition 2 (Lex-optimal Arm) An arm a, is lex-optimal
if no other arm in [K)] lexicographically dominates it.

We study two classical goals in the bandit literature, and
adapt them to the lexicographic multi-objective setting. The
first is Regret Minimization (RM), which aims to minimize
the cumulative regret for each objective over 7' rounds,

RIT) =T pi(a.) = 3 (). € ).

The second is Best Arm Identification (BAI) with fixed
confidence. Given a confidence level § € (0, 1), the goal is
to identify the optimal arm (or optimal arm set) with proba-
bility at least 1 — J, using as few samples as possible.

Unlike the single-objective setting where the optimal arm
is uniquely defined, in the multi-objective case, different ob-
jectives may induce different optimal arms. To capture this,
we consider the following two types of optimal arm sets for
each objective i € [m]:

¢ 0.(i) ={a € [K]| p?(a) = p?(a,) forall j € [i]}: the
set of arms that match a. on the top ¢ objectives;

« O0.(i) = {a € [K] | pi(a) > pi(ay)}: the set of arms
that are optimal with respect to the ¢-th objective alone.



Algorithm Sample Complexity Regret Bound # Objectives

Auer, Cesa-Bianchi, and Fischer (2002) - Y A(@>0 Ba ) 1

Degenne and Perchet (2016) - O (VKT ) 1

Lattimore (2018) (Lower Bound) - Q (Z Ala)>0 Aéa)) 1

Karnin, Koren, and Somekh (2013) 0] §ZA(¢1)>O (A(a))Z) - 1

Jamieson et al. (2014) (Lower Bound) () ZA(a)>0 (A(Z))Q ) - 1

Degenne et al. (2019) 9] (ZA(a)>O (A(la))2> 0] (Z:A(a)>0 A%a)) 1

LexElim-Out (Ours) 9) (Zgzl S uest) @ (a))z) 0 (Xios Saesty ey ) i € [m]
_ N 0 g A )

LexElim-In (Ours) 0 (ZN( )50 (A(Z))Q) 5 /%(A ; ' i/oﬁjl))z i€ [m]

L Al(a) = p¥(as) — pi(a) forall a € [K] and i € [m], where a, is the lex-optimal arm defined in Definition 2.

2 For single-objective works, we simplify the notation by letting A(a) := Al(a).

3 8(i) ={a € O.(i—1)| Al(a) > 0},0.(i — 1) = {a € [K] | p? (ax) = p? (a), Vj € [i — 1]} and O,(0) = [K].

Ai=Land X > 0 is defined in Eq. (2).

* Aa) = max { £ T[Ai (@) > 0]

icfm) LAY },WhereAi(A):1+)\+...+

Table 1: Overview of Our Results and Comparisons with RM and BAI Methods: Since A(a) > Al(a) for all a € [K],
LexElim-In outperforms the lower bounds of the single-objective problem (Jamieson et al. 2014; Lattimore 2018).

Let T%(8) and T(6) denote the number of samples used
to identify O, (7) and 6*(2), respectively. Thus, the sample
complexity of identifying a. is T (5) or max;¢m) T (5).

Finally, we introduce a parameter A to capture the trade-
offs among conflicting objectives. In the lexicographic ban-
dit problem, we assume that for any ¢ > 2 and a € [K],
- (a)}.

pi(a.) < A- max {2 (a.) @)

jEli—1]

Related Work

We review bandit work on four directions: regret minimiza-
tion (RM), best arm identification (BAI), joint optimization
of RM and BAI, and multi-objective bandits (MOB).

RM. The seminal work of Robbins (1952) initiated the
study of the MAB problem. A foundational algorithm for
minimizing regret in stochastic MABs is the Upper Con-
fidence Bound (UCB) algorithm (Auer, Cesa-Bianchi, and
Fischer 2002), which achieves a problem-dependent regret

bound of O (3 5= 1/4(a)

performance, Audibert and Bubeck (2009) proposed the
MOSS algorithm, which attains the minimax-optimal regret
bound of O(v/ KT). This was further improved by Degenne
and Perchet (2016), who developed an anytime variant of
MOSS that removes the need for prior knowledge of the time
horizon 7', thereby improving its practicality. Additionally,
Lattimore (2018) established a fundamental lower bound of

Q (ZA(u)>0 1/A(a)), highlighting the intrinsic complex-
ity of the problem. These foundational results have been ex-
tended to structured bandit settings, such as linear bandits

p'(a) —

). To improve worst-case

(Dani, Hayes, and Kakade 2008), graphical bandits (Alon
et al. 2015) and combinatorial bandits (Chen et al. 2016).

BAI. Existing work on BAI can be categorized into two
primary settings: (a) Fixed-confidence setting: The algo-
rithm aims to identify the best arm with probability at least
1 — 4, using as few samples as possible. Early approaches
include the Successive Elimination algorithm (Even-Dar,
Mannor, and Mansour 2006), which sequentially discards
suboptimal arms based on empirical comparisons. Later
works (Karnin, Koren, and Somekh 2013; Garivier and
Kaufmann 2016) introduced more refined strategies that
achieve near-optimal sample complexity by adaptively al-
locating samples to competitive arms. Jamieson et al. (2014)
established a lower bound showing that the sample complex-
ity of any algorithm is at least Q(}_ (4)>0 1/(A(a))?).

(b) Fixed-budget setting: Given a fixed budget T' € N, the
objective is to minimize the probability of incorrect identi-
fication at time 7". Audibert and Bubeck (2010) first studied
this setting and designed an algorithm based on successive
rejects, proved its optimality up to logarithmic factors. A
subsequent work of Karnin, Koren, and Somekh (2013) fur-
ther improved the theoretic guarantees, leaving only doubly-
logarithmic gap. Carpentier and Locatelli (2016) constructed
lower bounds to confirm the near-optimality of these results.

RM and BAIL. While RM and BAI have traditionally been
treated as separate goals, recent studies have sought to ad-
dress them jointly. Degenne et al. (2019) explored both
goals with a fixed confidence and introduced an algorithm
UCB,,, where the parameter o > 1 controls the trade-off be-
tween regret and sample complexity. Subsequently, Zhong,



Cheung, and Tan (2023) quantified the trade-off between
RM and BAI in the fixed-budget setting. In parallel, Zhang
and Ying (2023) developed algorithms that achieve asymp-
totic regret optimality in Gaussian bandit models. Most re-
cently, Yang, Tan, and Jin (2024) established an information-
theoretic lower bound for BAI with minimal regret and pro-
posed an algorithm that attains asymptotic optimality.

MOB. Multi-objective bandits aim to balance competing
objectives, often without a unique optimal solution. Prior re-
search has explored various notions of optimality and pref-
erence structures to address this challenge. Early studies fo-
cus extended the Pareto optimality concept to online learn-
ing (Auer et al. 2016; Kone, Kaufmann, and Richert 2024;
Crepon, Garivier, and M Koolen 2024), where the learner
aims to approximate the Pareto front. Another line of work
employs scalarization techniques (Drugan and Nowe 2013;
Q. Yahyaa, M. Drugan, and Manderick 2015; Wanigasekara
et al. 2019) to guide learning, based on utility functions or
user-specified preferences. Lexicographic bandits, a specific
form of preference-based MOB, have been studied under the
RM framework (Hiiyiik and Tekin 2021; Tekin 2019; Xue
et al. 2024). Our work contributes the first unified framework
that simultaneously addresses RM and BAI under lexico-
graphic preference, and we theoretically demonstrates how
joint rewards signals lead to improved performance.

Algorithms

In this section, we propose two algorithms tailored for lex-
icographic bandits: LexElim-Out and LexElim-In. Both al-
gorithms are based on the principle of arm elimination, but
differ in how they utilize multi-objective information.

Warm-up: LexElim-Out

We begin by introducing LexElim-Out, a warm-up algo-
rithm for the lexicographic MAB problem. This algorithm
follows an outer-layer elimination strategy, where arms are
pruned layer-by-layer according to the lexicographic prior-
ity of objectives. Details are provided in Algorithm 1.

LexElim-Out requires prior knowledge of |0, (7)|, i.e., the
number of arms that are optimal up to objective i € [m].
This aligns with common practices in the single-objective
BALI literature (Bubeck, Munos, and Stoltz 2009; Audibert
and Bubeck 2010; Zhang and Ying 2023), where the optimal
arm is typically assumed to be unique. Therefore, our setting
does not require any additional information beyond what is
standard in the single-objective BAI methods.

Given a confidence parameter 6 € (0, 1), the number of
arms K, the number of objectives m, and the cardinalities
|O.(7)| for all ¢ € [m], LexElim-Out proceeds as follows.
For each arm a € [K] and objective ¢ € [m], it initializes
the empirical mean reward /i°(a) and pull count n(a) to zero,
and the confidence width ¢(a) to +o0. The active arm set is
initialized as .A; = [K], and the round index as ¢ = 1.

Then, LexElim-Out performs iterations over the objec-
tives in order of priority, from the most to the least important.
For each objective ¢ € [m], it repeatedly performs elimina-
tion rounds until the size of the active arm set is reduced
to the known optimal set size, i.e., |A:| = |O.(7)|. In each

Algorithm 1: Outer-layer Active Arm Elimination in Lexi-
cographic Bandits (LexElim-Out)

Imput: § € (0,1), K,m, {|0.(7)|,Vi € [m]}
1: Initialize empirical mean /i‘(a) = 0, counter n(a) = 0,
and confidence width ¢(a) = +oo for i € [m], a € [K]
2: Initialize active set .4; = [K] and round counter ¢t = 1
3: fori =1,2,...,mdo

4:  while |A;| > |O.(i)| do

5: Choose the arm a; = argmax,, ¢ 4, c¢(a)

6: ay = argmax,, ¢ 4, fi'(a)

T Au = {a € Aii(al) - i(a) < 2e(a)}
8: Play a; and observe reward vectors 74 (a;)
9: Update /i*(a;) for all i € [m] by Eq. (3)
10: Update n(a;) and c¢(a;) by Eq. (4)
11: Sett=t+1
12:  end while
13: end for

14: Output the arm in A,

round, the algorithm selects the arm with the highest uncer-
tainty,
a; = argmax c(a).
acA,

It then identifies the empirical best arm with respect to the
current objective, i.e., @: = argmax,ec 4, fi(a). The active
arm set is updated by retaining only those arms whose em-
pirical means are within 2¢(a;) of the best empirical arm aZ,

Avsr = {a € Ay | ji'(a}) — i (a) < 2c(ar)}.
This ensures that arms that are suboptimal on the ¢-th objec-
tive are eliminated.

After the elimination step, LexElim-Out plays the most
uncertain arm a; and observes its reward vector r;(a;) =
[ri(as),r2(at),...,r"(as)]. The empirical mean for each
objective i € [m] is updated using an incremental average,

n(ar) - fi'(ar) + rj(ar)
n(ay) + 1 '

Next, the pull count n(a;) is incremented, and the confi-

dence width c¢(a;) is updated by a concentration inequality,

n(as) = n(as) + 1,

cla) = \/n(it) log <6Km('5n(at))_ )

The round index ¢ is then incremented to ¢ 4 1.

Once all objectives have been processed, LexElim-Out
terminates and outputs the sole remaining arm in the final
active set. The regret bounds and sample complexity of the
algorithm are established in Theorems 1 and 2, respectively.

Theorem 1 Suppose that Eq. (1) holds, define S(i) = {a €
O0.(i—1) | A%(a) > 0} with O.(0) = [K], and set v () =
64 log (%). With probability at least 1 — 6, for any

fi'(ar) = 3)

objective i € [m)], the regret of LexElim-Out satisfies

, ! I(8) - Aa
EIPI o

j=1laeS(j)



Remark 1 Theorem 1 states that LexElim-Out achieves a
regret bound of O (Z;Zl Zaes(j) %) for any objec-

tive ¢ € [m], with the following key implications.
 For the primary objective (¢ = 1), its regret bound is
@) (Z Al(a)>0 ﬁ) , matching the known lower bound

for single-objective bandits (Lattimore 2018). This en-
sures no performance degradation for the highest-priority
objective when optimizing additional objectives.

¢ For the secondary objective (¢ = 2), its regret bound in-
cludes two terms:

_ A2(a) _
O\ 2, @r ) O

cross-objective cost

1
Z A2(aq)

aeS(2)

single-objective term

The second term aligns with the regret bound in the
single-objective setting. The first term captures the cost
incurred on the second objective due to the need to pri-
oritize the first objective. This cost becomes negligible if
(Al(a))? > A%(a), i.e., when arm a is clearly subopti-
mal on the first objective and thus quickly eliminated.

The same decomposition can be applied to ¢ > 2, where the
regret bound includes cumulative cross-objective costs from
all higher-priority objectives j < %, and a local term that
matches the single-objective bound for objective <.

Theorem 2 Suppose the same conditions and notations as
in Theorem 1. With probability at least 1 — 0, for any objec-
tive i € [m), the number of samples required by LexElim-
Out to identify O, (i) satisfies

ZZ

Jj=1 CLES(])

Remark 2 From Theorem 2, LexElim-Out identifies the
optimal arm set for the first ¢ objectives using at most

(Ej 1 2aes() (A] B ) samples. In particular, for the
highest-priority objective (¢ = 1), the sample complexity
simplifies to O (Z Al(a)>0 W), which matches the
known lower bound for single-objective bandits (Jamieson
et al. 2014). This implies that LexElim-Out identifies the
optimal arm for the primary objective as efficiently as state-
of-the-art single-objective algorithms (Karnin, Koren, and
Somekh 2013). For general ¢ € [m)], the bound reflects that
identifying the lex-optimal arm requires solving a sequence
of BAI problems, where suboptimal arms for higher-priority
objectives are progressively eliminated before being evalu-
ated on lower-priority ones.

Improved Algorithm: LexElim-In

LexElim-Out handles objectives layer by layer, it ignores
lower-priority objectives when optimizing higher-priority
ones. As a result, the arm selection for lower-priority objec-
tives in early rounds is purely random, lacking any targeted
exploration. To address this limitation, we propose an im-
proved algorithm, LexElim-In, which adopts an inner-layer

Algorithm 2: Inner-layer Active Arm Elimination in Lexico-
graphic Bandits (LexElim-In)

Input: 6 € (0,1), K,m,A >0
1: Initialize empirical mean /i*(a) = 0, counter n(a) = 0,
and confidence width ¢(a) = +oo for i € [m], a € [K]
Initialize active set .4; = [K] and round counter ¢t = 1
while | A4;| > 1 do
Choose the arm a; = argmax ¢ 4, c(a)
Initialize the arm set AY = A;
fori=1,2,...,mdo
al = argmax, ¢ 4i-1 i (a)
Aj = {a € A7 i (a}) —i'(a) <
AN - e(ay)}
end for
10:  Play a; and observe reward vectors 7 (a;)
11:  Update ji*(a;) for all i € [m] by Eq. (3)
12:  Update n(a;) and c¢(a) by Eq. (4)
13:  Update Ay1q = A" andt =t + 1
14: end while
15: Output the arm in A,

(244N +--+

elimination strategy that leverages information from all ob-
jectives throughout the decision-making process. The com-
plete procedure is presented in Algorithm 2.

Given a confidence level § € (0, 1), the number of arms
K, the number of objectives m, and a trade-off parame-
ter A > 0, LexElim-In begins with an initialization phase
similar to that of LexElim-Out. Specifically, for each arm
a € [K] and each objective ¢ € [m], the empirical mean
reward ji*(a) and pull count n(a) are set to zero, and the
confidence width c(a) is initialized to 4+oco. The initial ac-
tive set of arms is defined as .4; = [K], and the round index
is initialized as ¢ = 1.

At each round, LexElim-In selects the arm a; € A; with
the largest confidence width ¢(a), corresponding to the high-
est uncertainty, and plays this arm. It then updates the active
arm set through a layered filtering process that incorporates
empirical means across all objectives in a nested fashion.

Specifically, let A? = A; and for each objective i =
1,2,...,m, LexElim-In identifies the empirical best arm
aj = argmax, 4i-1 fi'(a), and eliminates arms in At
whose empirical mean falls below that of a} by more than a
scaled confidence threshold. Formally, the updated set is

={ae 47" | i'(a) — fi'(a) <
(24404 +4N ) - clan)}

The scaling factor 2+ 4\ + - - - +4X~1 grows geometrically
with ¢, allowing lower-priority objectives to tolerate larger
reward gaps while still contributing to elimination decisions.

After completing the elimination process across all m ob-
jectives, LexElim-In updates the active setto A, 1 = A" It
then pulls arm a; to observe the full reward vector r;(a;) =
[ri(ay),...,r™(a;)]. For each objective i € [m], the em-
pirical mean i*(a;) is updated using an incremental average
defined in Eq. (3). The pull count n(a;) and the confidence
width ¢(a¢) are then updated by Eq. (4). The round index is

(&)



incremented, and the procedure repeats until the active set
contains only a single arm.

The key innovation of LexElim-In is its cross-objective
elimination strategy, which utilizes information from all ob-
jectives at each round. By jointly incorporating elimina-
tion evidence across objectives, LexElim-In more efficiently
eliminates suboptimal arms, especially when lower-priority
objectives provide stronger signals. This approach leads to
faster identification of the lexicographic optimum compared
to LexElim-Out, albeit at the cost of requiring the prior
knowledge A. Formal regret and sample complexity guar-
antees are presented in Theorems 3 and 4, respectively.

Theorem 3 Suppose that Eq. (1) and Eq. (2) hold. Define

NO) =S, and19) = ot (22K ).
j=0

With probability at least 1 — 6, for any objective i € [m], the
regret of LexElim-In satisfies

; L [ I)) - Alfe) - 19(8)
rOs 2 (w0

Remark 3 For the primary objective (¢ = 1), the regret in-
curred due to A'(a) > 0 is bounded by

{ A} (a) - (M (V)2 }< I
(89(@)? T(Ai(a) > 0) f = Alfa)’

min
j€[m]
where the right-hand side matches the known lower bound
(Lattimore 2018). The existence of min¢[,, allows the
bound to go beyond the lower bound: if for some j > 2,
the suboptimality gap A7(a) is much larger than Al(a) -
AJ()), the corresponding regret term can become signifi-
cantly smaller than 1/A!(a). Thus, LexElim-In can adap-
tively exploit auxiliary objectives to accelerate learning.
Moreover, while the gap-dependent bound in Theorem 3
highlights how LexElim-In can exploit the relative gap struc-
tures among objectives to reduce regret, it remains essential
to understand the algorithm’s behavior in the worst case.

Corollary 1 Suppose the same conditions and notations as
in Theorem 3. With probability at least 1 — 0, for any objec-
tive i € [m), the regret of LexElim-In satisfies

Ri(t) <O (A"'()\) : \/ﬁ) :

Corollary 1 shows that for any objective ¢ € [m], the worst-
case regret of LexElim-In grows at most as O(A*(\)V Kt).

This matches the minimax bound O(vKt) of single-
objective bandits (Degenne and Perchet 2016), up to the fac-
tor A%(\). Hence, LexElim-In achieves minimax-optimal re-
gret rates in terms of K and ¢. Importantly, since A'(\) = 1,
the regret for the highest-priority objective remains unaf-
fected by the inclusion of lower-priority objectives, ensur-
ing no performance degradation when optimizing multiple
objectives simultaneously.
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Figure 1: Cross-objective Acceleration

Theorem 4 Suppose the same conditions and notations as
in Theorem 3. With probability at least 1 — 6, for any objec-
tive i € [m], the number of samples required by LexElim-In

to identify O, (1) satisfies

_ . (A(X)*-49(5)
T'(0) < Z et { (AJ(a))? - I(A(a) > 0) }

Ai(a)>0

Remark 4 Theorem 4 characterizes the sample complexity

of LexElim-In for identifying the optimal arm set O, (i) for
the i-th objective, revealing an objective-adaptive complex-
ity. For each suboptimal arm a, the cost of distinguishing it
is governed by the most distinguishable objective j € [m].
In particular, if some objective j exhibits a large subopti-
mality gap A’(a) for a given arm a, that arm can often be
eliminated early, without requiring extensive exploration of
other objectives. In such case, LexElim-In adaptively lever-
ages the reward structure across objectives to accelerate the
identification process. Notably, in the single-objective set-
ting, the lower bound on sample complexity is known to be
Q- A@)>0 W) (Jamieson et al. 2014). Our bound re-

covers this result when i = 1, since A'(A\) = 1, and the
min¢[,,,) term ensures our result surpasses this lower bound.

Cross-objective Acceleration. Figure 1 illustrates how
the second objective can accelerate BAI under varying de-
grees of trade-offs. The red star denotes the lex-optimal arm,
while the circles represent suboptimal arms. In Figure 1(a),
there is no conflict between other arms and the lex-optimal
arm, resulting in A = 0. The two yellow arms exhibit much
larger reward gaps in the second objective than in the first,
enabling LexElim-In to efficiently eliminate them by lever-
aging second objective information. Figure 1(b) shows a
conflict between the lex-optimal arm and the red subopti-
mal arm, leading to A = 1. In this case, only the yellow arm
that is far from the optimal arm can be quickly eliminated,
as the confidence term for the second objective is scaled by
2 + 4) = 6, as specified in Eq. (5).

Experiments

In this section, we evaluate the empirical performance of our
proposed algorithms, LexElim-Out and LexElim-In, on both
RM and BALI tasks in lexicographic multi-objective bandits.
Experiments are conducted on a Windows 10 laptop with
Intel(R) Core(TM) i7-1170 CPU and 32GB memory.
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Baselines. There are three baselines. The first is EGE, which
addresses BAI in single-objective MAB (Karnin, Koren, and
Somekh 2013). The second is UCB,,, designed to handle
both BAI and RM in the single-objective MAB setting (De-
genne et al. 2019). The third is PF-LEX, an algorithm tai-
lored to lexicographic MAB, which focuses on the RM task
(Hiiyiik and Tekin 2021).

Experimental Setup. We consider settings with m = 3. The
expected rewards across the three objectives are defined as:
pt(a) =1 —min,eqo.3.0.6,0.01 |a/K —pl, p*(a) =1—2x
min,eo.5,0.8} [a/K —pl, pia) =1-2xla/K—0.5|,a €
[K]. This construction ensures that multiple arms are opti-
mal for the higher-priority objectives: {0.3K,0.6K,0.9K }
are optimal for the first objective, while {0.6K,0.9K} are
optimal for both the first and second objectives. To iden-
tify the unique lex-optimal arm a. = 0.6K, all three objec-
tives must be considered. Stochastic rewards r¢(a) are drawn
from Gaussian distributions with mean 1(a) and variance
0.1. Each algorithm is run for 10 independent trials, and we
report the average regret and sample complexity.

RM Results. For those RM algorithms (UCB,, PF-LEX,
LexElim-Out, and LexElim-In), we fix X = 10 and run
each algorithm for 7' = 10,000. Figure 2 presents the cu-
mulative regret over time, where Panels (a), (b), and (c) cor-
respond to objectives 1, 2, and 3, respectively. LexElim-Out
and LexElim-In exhibit uniformly sublinear regret growth
across all objectives, demonstrating their ability to optimize
multiple objectives simultaneously. In contrast, UCB,, tai-
lored for single-objective optimization, only achieves low
regret for the first objective, while incurring linear regret
on the second and third. Although PF-LEX is designed for

multi-objective settings, it lacks theoretical guarantees under
general regret metrics and suffers from a slower convergence

rate, as reflected in its O(7'%/3) regret bound.

BAI Results. For BAI algorithms (EGE, UCB,, LexElim-
Out, and LexElim-In), we set the confidence level § = 0.01
and evaluate their performance under varying numbers of
arms K € {10,20,30}. The results are shown in Figure 3,
where Panels (a) — (c) correspond to increasing K. All algo-
rithms require more samples as K increases, reflecting the
greater difficulty of distinguishing between arms when re-
ward gaps shrink. LexElim-In consistently outperforms the
baselines, and its advantage becomes more significant with
larger K. This is because LexElim-In exploits information
from lower-priority objectives, which have larger reward
gaps and provide stronger signals for elimination. In our set-
ting, the reward gaps for the second and third objectives are
twice as large as that of the first, allowing LexElim-In to
identify the optimal arm more efficiently.

Conclusion and Future work

This paper develops the first unified framework for simul-
taneously addressing both RM and BAI tasks in lexico-
graphic multi-objective bandits. We propose two princi-
pled algorithms, LexElim-Out and LexElim-In, which ad-
here to the lexicographic preference structure while opti-
mizing multiple objectives. LexElim-Out adopts a conserva-
tive elimination strategy that sequentially filters arms based
on priority, ensuring no compromise on higher-priority
objectives. LexElim-In exploits the joint reward signals
across all objectives to perform more efficient arm elimi-
nation. We provide a comprehensive theoretical analysis for



both algorithms: LexElim-Out matches the known instance-
dependent lower bounds for the primary objective, while
LexElim-In achieves better instance-dependent bounds than
classical single-objective methods.

An interesting direction for future work is to establish
tighter lower bounds for lexicographic RM and BAI that ex-
plicitly capture the interactions among objectives. Addition-
ally, eliminating the need for prior knowledge of the parame-
ter A would further enhance the applicability of LexElim-In.
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Proof of Theorem 1

For clarity, throughout the proof in appendix, we use the notations fii(a), n.(a), and c;(a) to denote the values of ji*(a), n(a),
and c(a) at the beginning of round ¢, respectively.
We first present a high-probability confidence interval for the expected rewards of all objectives.

Lemma 1 With probability at least 1 — 6, for any t > 1,

fir(a) — p'(a)| < cofa) = \/

1, <6Km n(ay)

n(at) ) >7i€ [m], a € [K].

This lemma provides a standard concentration inequality, bounding the deviation between the empirical and true rewards,
and serves as a foundation for the subsequent analysis.
Let £ denote the following high-probability event:

E={VteT],Vae[K], Vie[m]: |ii(a)— p'(a)| < cila)}. (6)

By the argument in Lemma 1, the event £ holds with probability at least 1 — .

Next, we present three technical lemmas that characterize how many times an arm can be pulled before it is eliminated. These
lemmas serve as analytical tools to facilitate the regret analysis.

The first lemma provides a useful inequality for comparing logarithmic expressions, which will be instrumental in simplifying
bounds on the number of arm pulls.

Lemma 2 Leta > 0,b > 0and ab > e. If v > alog(ab), then x > alog(bx).

The second lemma analyzes the behavior of the confidence radius function and shows that it decreases as the number of pulls
increases.

Lemma 3 Let f(n) =4,/ % log (GK%) forn > 0. Then, f(n) is strictly decreasing for all

ed
6Km’
ed

In particular, since gz— < 1 in typical applications, the function f(n) is strictly decreasing for all n > 1.

n >

The detailed proofs of these three technical lemmas are deferred to the end of this appendix. The following lemma shows that
the number of times any two active arms have been pulled remains nearly balanced throughout the execution of Algorithm 1.

Lemma 4 In Algorithm 1, for any arm a1, as € Ay, their pull counts satisfy:
ne(ar) — 1 < ng(az) < nglar) + 1.

Proof. We prove this lemma by induction. At the initialization step, all arms have n;(a) = 0, and the condition holds trivially.
Suppose at round ¢, for all aq,as € A, the pull counts satisfy |n:(a1) — nt(az)| < 1. Now consider how the pull counts
change at round ¢. LexElim-Out selects the arm a; as:

a; = arg max c(a),
t

where ¢(a) = \/ ngla) log (%’"W) is a strictly decreasing function of n(a) (cf. Lemma 3).

Thus, at each round, LexElim-Out chooses the arm with the fewest number of pulls. Let Ny := minge 4, nt(a). At round
t, LexElim-Out chooses some arm a; with n¢(a¢) = Tmin and increments its count:
ngy1(ar) = ng(ay) + 1,  while for all a # ag, nyp1(a) = ne(a).

After this round, the former minimum becomes n,i, + 1. All arms now have pull counts either ny,i, or ny,in + 1. Therefore,
all arms’ pull counts differ by at most 1. This completes the induction. ([

Equipped with the previous lemmas, we can now bound the number of times a suboptimal arm (with respect to the i-th
objective) can be pulled before elimination.

Lemma 5 Suppose the event £ in (6) holds. For each objective i € [m), define:
« O.(i—1):={ac[K]|p(a) =p(a.) forall j € i —1]};
« 8(i) :=={a € O.(i — 1) | A'(a) > 0}.

In Algorithm 1, for any arm a € S(3), the number of times it is played is at most

64 392K'm
nt(a) < (Ai(a))Q log ((Ai(a))Q . 5)




Proof. Let a € S(7) and suppose it is eliminated at round ¢. By Algorithm 1, the elimination condition is:

fip(ay) — ig(a) > 2ce(ar) <= py(ay) —celar) > fy(a) + ci(ar),

where a; = arg max,e 4, ¢;(a) denotes the arm with the largest confidence width.
Since a; = argmax,¢ 4, f1t(a;) and a. € Ay, a sufficient condition to eliminate a is:

fii(a.) = ci(ar) > fig(a) + co(ar).
Using the confidence event in (6), we have that for all £ > 1,
lii(a) — pu'(a)] < ci(a) < ciag), foralli € [m], a € [K].
Thus, it follows another sufficient condition to eliminate a:
1 (a2) = 2ex(as) > i'(a) + 2ee(ar) & Al(a) = i (a.) — pi(a) > der(ar).

Now recall that the confidence width is defined as

o)

Substituting into the inequality above, we obtain:

Aila) > 4\/%?%) log (GKm '(S”t(“t) )

By Lemma 4, the number of pulls among arms in .A4; differs by at most one, i.e., n¢(a;) > ni(a) — 1. Meanwhile, Lemma 4
tells that ¢;(-) is decreasing with respect to n.(a;). Thus, a sufficient condition for eliminating a becomes:

‘ 4 6Km - (ni(a) —1)
A(a)>4\/nt(a)_1log< 5 )

(@) > — (5)4_ o (6Km~ (r;t(co - 1>> ,

Squaring both sides gives:

Rewriting this inequality yields:

64 6Km - (ng(a) — 1)
-1 , 1 . 7
@) 1> g s (G ?
To obtain an explicit upper bound on n;(a), we apply Lemma 2 with:
64 6Km
e T T

According to Lemma 2, if

ne(a) >

64 384 Km
(Bia)? % ((Ai(a))? - 6> b

then inequality (7) holds, which implies that arm a will be eliminated at that point.
Therefore, the number of times arm a is pulled is at most

0= 58 (22
~ (A%(a))? (Ai(a))?-6 )"
which completes the proof of Lemma 5. ]
We now complete the proof of Theorem 1. Recall that the regret for each objective arises only from suboptimal arms that
are not eliminated early enough. For the first objective, only the arms in S(1) incur regret, and by Lemma 5, each such arm is
played at most
64 log < 392Km > _ 7L(8)
(At(a))? (Al(a))?-6/)  (Al(a))?
times. Therefore, the total regret for the first objective is bounded by:

R'(t)< )

a€S(1)

7' ()
Al(a)’




nd §(2). Any arm ¢ € S(1) may continue to be pulled before being

For the second objective, regret may arise from both S(1) a
A?(a). Its regret contribution is bounded by:

eliminated, thereby contributing regret proportional to

Meanwhile, for arms a € §(2), each is played at most

64 o 392Km _ 2 (6)
&) ((AQ(G))2 : 5) (A%(a))?
t 2200)

A%(a) each. Hence, the total regret for the second objective satisfies:

ZW ))+Z’Y<;

aeS(1 a€eS(2)

times, incurring regret at mos

By the same reasoning, for the i-th objective (i € [m]), regret may be contributed by all arms in S(1), ..., S(i). Specifically,
an arm a € S(j) contributes regret to the i-th objective as long as it is not eliminated before stage j, and is pulled while
optimizing objectives 1 through 5. Each such arm contributes at most

64 - A¥(a) ( 392Km 5) _ 7(0)- Ai(a)

(A7(a))? (Ad(a))? - (A7(a))?
to the i-th objective’s regret. Summing over all j < ¢ gives the bound:
73 7’ (6) - A'(a)
ey ¥ TOAW
j=1aeS8(j)
This completes the proof of Theorem 1. ]

Proof of Theorem 2

With Lemma 5 in hand, the proof of Theorem 2 follows directly. To eliminate any suboptimal arm a € S(i), the algorithm

requires at most
64 o ( 392K'm ) _ 74 (9)
(At(a))? (Aa))?-0)  (A¥a))?

®)

pulls.
To identify the set O, (i), the set of arms that are optimal up to objective 4, the algorithm must eliminate all arms in S(j) for
every j < i. Therefore, the total number of samples required by LexElim-Out to identify O, (%) is bounded by:

’YJ 5
B3 2. A
j=1 aGS(J)
This concludes the proof of Theorem 2. ]

Proof of Theorem 3

To begin with, we prove that the lex-optimal arm a.. is not eliminated during the Steps 6 to 9 in Algorithm 2.
Lemma 6 Suppose £ in Eq. (6) holds. In Steps 6 to 9 of Algorithm 2, if a. € AY, then

a, € A" and A'(a) <AA+ N+ + XY e(ar), Vi€ [m], Va € AP

Proof: We prove the lemma via induction on the objective index ¢ € [m].
Base case (i = 1): Since 4; = argmax,¢ 4y fi; (a) and a.. € AP, forall @ € A}, we have

Al(a) = it (a.) — p'(a) < p(an) — ib(an) + it (@) — i (a). ©)
Under event &, it holds that

i(an) — fil(an) < elan),  it(a) - pMa) < cila), Vae AL



Plugging these into Eq. (9), we obtain
Al(a) < eian) + i (a)) — il (@) +cila), Va e AL
By the elimination rule, for all a € A},
il(al) — il (a) < 26i(ay).
Moreover, since a; = argmax,¢ 49 ¢¢(a), it holds that ¢¢(a) < c;(ar) and c¢(a) < ct(ar). Hence,
Al(a) < cilar) + 2ci(as) + ciar) = 4ei(ar), Va € Aj.

Finally, since
i (ay) = fii (ax) < ph(ag) + eelag) — pt(an) + er(as) < 2ci(ar),
we conclude that a, € A}.
Inductive step: Suppose that for all j < ¢ — 1, it holds that a, € A7 and

Ala) <4Q+ A+ +N"Ye(ay), Yae Al
We now prove the statement for j = i. Since a; = argmax,¢ 4i-1 fi;(a) and a. € AL then forall a € AL C Ai7Y,
Ai(a) = () — (@) < pi(ar) — fil(an) + ik (@) — i (a). (10)
By the event £, we have
pHae) = fy(as) < cias),  fiyla) = p'(a) < cia), Va e A (11)
Substituting into Eq. (10), we get
A'(a) < ci(as) + fiy(a;) — fi(a) + ce(a).
From the elimination rule in Algorithm 2, it follows that
fi(al) — (@) < 2+ 4A+ - +4N" Y s ear), Va € AL
Also, since a; = argmax, ¢ 40 ¢¢(a), we have c;(a), ¢t(a.) < c(ar), thus
Al(a) < 2¢ci(a)) + (2+4N+ -+ 4NN cepa) =41+ X+ -+ XY ey (ay).
Next, we show a, € Ai. By the same reasoning as above,
i (ay) — fiy(ax) < p'(ag) + c(ag) — p'(as) + cea).
From the lexicographic trade-off in Eq. (2) and the inductive assumption,

(@) — p(0) < X+ ma (@) = (@) < XA A+ X efan)
JEi—

Using ¢;(a}), ci(a.) < ci(ay), it follows that
fe(al) — fii(as) <ANL+ A4+ XT3 ep(ar) + 2c0(ar) = (2+ 4N+ +ANTH) - eay).
Thus, a, € A%. By induction, this holds for all i € [m]. Therefore, we conclude
a. € A", A'a) <AL+ A+ + AT ceay), Vi€ [m], Ya e AP

This completes the proof. (]
Then, we provide an upper bound on the number of times a suboptimal arm can be pulled in the LexElim-In algorithm.

Lemma 7 Suppose the event £ in (6) holds. In Algorithm 2, for any arm a € [K|, the number of times it is played is at most

) < i 64(AP(N))? o [ 392Km
(@) < min { (Ai(a))? T(Ai(a) > 0) 8 ((N(a»z -6) }

where A'(\) =1+ A +--- + XL,



Proof. Fix any arm a € [K]. Let i be an index such that a is suboptimal with respect to the i-th objective, i.e., A(a) > 0, and

is eliminated based on the reward estimates of objective ¢ in some round ¢.
In Algorithm 2, an arm a is removed from A:~! according to objective 7 if

fi(ay) = (@) > 244+ -+ AN - oy(a),

where a; = argmax, 4, ¢;(a) denotes the arm with the largest confidence width.
Since @) = argmax, AP fit(a) and by Lemma 6 we know a, € A;~", a sufficient condition for (12) is

fi(ay) — pi(a) > (244X + -+ 4N - ey(ay).

Under the confidence event &, for all ¢ and a € [K], we have
i (a) — p'(a)| < cila) < cilar).

Using (14), inequality (13) holds if

pia) = p'(a) > 41+ A+ X7 - e(ay).
Define A®(A\) =1+ A+ --- + Ai~1. Then, (15) becomes

Al(a) > 4N (N) - ciay).

Recall the form of the confidence radius:

4 6Km - ny(ar)
= 1 .
(o) \/ s o
Combining (16) and (17), we obtain:

Al(a)>4AZ()\)\/ tzlat) ng(GKm;snt(at)).

3

12)

13)

(14)

5)

(16)

a7)

(18)

By Lemma 3 and Lemma 4, ¢;(+) is decreasing in n; and n¢(a;) > n¢(a)—1, (18) still holds if we replace n;(a;) with ns(a) —1:

Squaring both sides yields:

i(\))2 m - (ng(a) —

n(a) — 1 ]
Rewriting this inequality gives:

ng(a) —1 >

16(A1(N))? o (6Km~ (ne(a) — 1))
(@A) '
To get an explicit bound, apply Lemma 2 with
~16(AY(N))? ;
(Aia)? 5
According to Lemma 2, inequality (19) holds if

16(AP(N))? ( 384Km )
ny(a) > . lo , +1
(A¥(a))? (A%(a))? -6
Therefore, the number of times arm a is played is at most

16(A1(N))? 392Km
(1) < TRiaye 8 ((Ai(aw : 5) |

Since this holds for every i € [m] with A’(a) > 0, we obtain

) < i 64(A7(N))? o [ 392Km
(@) < xmin { (Ai(a))? T(Ai(a) > 0) 8 ((N(a»? -6) }

This concludes the proof of Lemma 7.

19)

O

We now complete the proof of Theorem 3. Recall that for each objective i € [m], he regret arises solely from the suboptimal
arms with A’(a) > 0. The contribution of each such arm « to the regret is given by A’(a) - n;(a). Therefore, the cumulative

regret for the i-th objective can be bounded as follows:

64(A7(\))2A (a) 392K'm

J€[m]

Rt)= 3 Ala)ma)< 3 mill{(Ai<a)>2~H<m‘<a>>0> 1Og<<m<a>)2~6

At(a)>0 Ai(a)>0

Finally, noting that v/ (§) = 64 log (%) , the proof is finished.



Proof of Corollary 1

From Lemma 6, we know that for any arm a € A}", the suboptimality gap satisfies
Al(a) <41+ A+ + XY ei(ar), Vi€ [m).
Define the scaling factor A®(A\) = 1 + X+ --- + \i~L. Since a; € A" 4, it follows that
Af(ag) < AN (M) - o1 (az_1).

By the definition of regret, we have
ZA’ ar) <Z4AZ r_1(ar_1). (20)
Recall that the confidence radius is defined as

lae) = \/"t?at) tos (GK’” '6’“(‘”))

Substituting the definition of the confidence radius ¢, 1 (a,_1) into Eq. (20), we obtain:

< Z4Ai(x)\/n7_1é7_l) log (GKCSW).

We regroup the terms by arm a € [K| and the number of times each arm has been pulled up to round :

ni—1(a)
i 6 Kmt
<D D A ( 5 ) 1)

a€[K] n=1

Using the standard inequality

>

n=1

5~

we upper-bound the inner sum of Eq. (21) as

R0 < 30 8000 1o dog (),

a€[K]

«

Simplifying constants, we arrive at,

< 37 16A%(A \/nt_l(a)~log <6K5mt>.

a€[K]
Finally, applying Jensen’s inequality (or concavity of the square root), we bound the total sum
2 Vi@ s, [K) meie) < VE
a€[K]

Therefore, the regret is bounded as

Ri(t) < 16AY()\) - \/Kt -log (6[(5"“) = O(A'(\) - VKL).

The proof of Corollary 1 is finished. O



Proof of Theorem 4
With Lemma 7 in hand, the proof of Theorem 4 follows directly. To eliminate any suboptimal arm a that A%(a) > 0, the

algorithm requires at most _
min 64(A7(N))? 392Km
selm) { (A7) AT (@) >0) ((Aj<a>>2 - 5>}

pulls.
To identify the set O, (i) = {a € [K] | A%(a) < 0}, the set of arms that are optimal up to objective 4, the algorithm must
eliminate all arms A?(a) > 0. Therefore, the total number of samples required by LexElim-In to identify O, (i) is bounded by:
(AT ()% -~9(6) 392Km )

re= A%);of?fﬁ} { (A7(a))? - 1(Ai(a) > 0) } 0] = Otlos ((N(a))zﬂ

This concludes the proof. ]

Proof of Technical Lemmas
Lemma 1 With probability at least 1 — 6, for any t > 1,
fif(a) — p'(a)] < cila),i € [m],a € [K].

Proof. If n;(a) = 0, then by definition ¢;(a) = 400, the inequality holds trivially. We therefore consider the case n:(a) > 1.
Fix any objective ¢ € [m], according to Lemma 6 of Abbasi-yadkori, Pél, and Szepesvéri (2011), we have that with probability
atleast 1 — ¢, for any ¢ > 1 and any arm a € [K], the empirical mean satisfies:

t—1

1 ; , K+\/14 ni(a) 1+ ni(a)
re(a)l(a; = a) — p'(a)] < 1+2lo .
Noting that i (a) = ﬁw) S riar) - I(ar = a), the above bound directly applies to |i}(a) — (' (a)l.

Applying a union bound over all m objectives, and replacing § with /m, we get that with probability at least 1 — ¢, for all

i€[m],a€[K],andt > 1,
fiy(a) = p'(a)| < (1 +2log (Km\/WD 1 Ig(l;()a) .

Using the inequality log(Km - /e - \/1 + n:(a)/d) < log(6Km - ni(a)/d) for ni(a) > 1, we can further relax the bound

in Eq. (22) to:
¥ i 4 6Km - ni(a) .
|ii(a) — p'(a)] < \/ log( 5 ) =: ci(a).

ni(a)
This completes the proof. U
Lemma 2 Leta > 0, b > 0and ab > e. If x > alog(ab), then x > alog(bx).
Proof. Define the function f(z) = = — alog x. We aim to find a value z such that f(xo) > alog b, which implies

xg —alogzy > alogh <<  x9> alog(bxy).
First, observe that f(x) is differentiable and its derivative is given by
Flx)=1- %
Thus, f(x) is strictly increasing for all z > a.
Now, let us consider 2o = alog(ab). Note that log(ab) = loga + log b, and so 2y = a(log a + log b). We compute
alog(bxg) = alog (balog(ab)) = a(loga + log b + log log(ab)).
Since log log(ab) < log(abd) for all ab > e, it follows that
xo = alog(ab) > alog(bxo).
Hence, x satisfies the inequality, and due to the monotonicity of f(z) for x > a, any & > z also satisfies
x > alog(bx).
The proof is finished. |



Lemma 3 Let f(n) =4,/ % log (%) Jorn > 0. Then, f(n) is strictly decreasing for all

o ed

n .

6Km

In particular, since 6;‘(‘5m < 1 in typical applications, the function f(n) is strictly decreasing for all n > 1.

Proof. Let C' = GKT’”, so that the function becomes:

fn) =8 log(Cn).

n

Define the inner function h(n) = w, so that f(n) = 84/h(n). It suffices to show that h(n) is strictly decreasing. Taking
the derivative:

1 —log(Cn)
/ —
Hence, h/(n) < 0 if and only if log(Cn) > 1, which is equivalent to Cn > e. Therefore, f(n) is strictly decreasing for all

n> <= - asclaimed. O
C 6Km



