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Abstract

Multi-objective bandits with hierarchical prefer-
ences and safety constraints is central to many
real-world decision-making tasks such as health-
care treatment planning and safe autonomous con-
trol, where multiple objectives must be optimized
according to their priorities while ensuring safety
requirements are satisfied. In this paper, we study a
multi-objective stochastic linear bandit framework
that incorporates hierarchical preferences together
with safety constraints, requiring the learner to re-
main competitive with respect to a known base-
line policy. We consider two practically motivated
safety models: (i) cumulative constraints, which
require the cumulative performance to exceed the
baseline, and (ii) stage-wise constraints, which im-
pose this requirement at each time step. We pro-
pose two algorithms, LexUCB-C and LexTS-S, de-
signed for the cumulative and stage-wise settings,
respective ly. We establish regret bounds showing
that both algorithms achieve performance compa-
rable to existing single-objective safe linear bandit
methods, while simultaneously optimizing multiple
objectives. In addition to theoretical guarantees,
we develop an experimental framework that cap-
tures the interaction between hierarchical prefer-
ences and safety constraints. Experiments on syn-
thetic and real-world datasets demonstrate the ef-
fectiveness of the proposed methods.

1 Introduction

Multi-armed bandits (MAB) provide a foundational frame-
work for modeling sequential decision-making under uncer-
tainty [Lai and Robbins, 1985; Auer et al., 2002; Abbasi-
yadkori et al., 2011; Lattimore and Szepesvari, 2020]. In
a standard MAB problem, a learner interacts with an en-
vironment over 7" rounds. At each round ¢t € [T, the
learner selects an arm from a finite or structured decision set
and receives a stochastic reward corresponding to the cho-
sen arm. The goal of the learner is to maximize the cumula-
tive expected reward. A key challenge in this problem is the

*Qingfu Zhang is the corresponding author.

exploration-exploitation trade-off: the learner must balance
exploring less-known arms to gather information and exploit-
ing currently known arms that believed to yield high rewards.
To address this trade-off, two widely used strategies
have been developed: Upper Confidence Bound (UCB) and
Thompson Sampling (TS). UCB algorithms construct con-
fidence intervals for each arm’s expected reward and select
the arm with the highest upper bound [Auer, 2002; Dani et
al., 2008; Magureanu et al., 2014; Xue et al., 2020, 2023].
This strategy favors arms with either high empirical rewards
or high uncertainty, thereby balancing exploration and ex-
ploitation. In contrast, TS adopts a Bayesian perspective by
maintaining a posterior distribution over the arm parameters
and selecting arms according to their probability of being op-
timal, thus encouraging exploration through randomization
[Thompson, 1933; Chapelle and Li, 2011; Xu et al., 2023].
While the classical MAB focuses on a single objective
[Bubeck and Cesa-Bianchi, 2012], many real-world problems
involve multiple, often conflicting objectives. For example,
recommender systems [Rodriguez et al., 2012] must balance
user satisfaction, content diversity, and long-term engage-
ment, while autonomous driving [Zhang et al., 2023] requires
trade-offs among safety, passenger comfort, and energy effi-
ciency. To capture such multi-criteria decision-making sce-
narios, the multi-objective multi-armed bandit (MOMAB)
framework has been proposed [Drugan and Nowe, 2013], in
which the learner receives a vector-valued reward at each
round, with each component representing a distinct objective.
However, the MOMAB framework treats each arm inde-
pendently and thus fails to exploit contextual or structural
information often available in real-world applications, such
as product categories, prices, or user profiles in recommender
systems [Li et al., 2010]. To address this limitation, the multi-
objective stochastic linear bandit (MOSLB) model was later
introduced [Lu et al., 2019; Xue et al., 2025], where each
arm is associated with a feature vector, and the expected re-
ward for each objective is assumed to be a linear function of
this vector. This assumption enables the algorithm to gener-
alize across arms: by leveraging the shared linear structure,
the learner can use feedback from one arm to estimate the
rewards of other arms with similar features.
Most existing methods in the multi-objective bandit liter-
ature rely on scalarization [Drugan and Nowe, 2013; Wani-
gasekara et al., 2019] or Pareto-based criteria [Auer et al.,



2016; ?], which either collapse the multi-objective prob-
lem into a single-objective one by imposing fixed preference
weights, or seek to identify Pareto-optimal solutions with-
out explicitly modeling priority among objectives. However,
these approaches may fall short in applications where objec-
tives are inherently prioritized. For example, in clinical treat-
ment planning, ensuring safety or efficacy is often paramount,
while secondary factors such as cost or comfort are consid-
ered only after primary goals are satisfied. To accommo-
date such structured preferences, lexicographic ordering has
been proposed [Ehrgott, 2005; Skalse et al., 2022; Abernethy
et al., 2024], wherein objectives are ranked by importance,
and reward vectors are compared based on the first dimen-
sion where they differ. Incorporating lexicographic prefer-
ences into the bandit learning framework leads to the lexico-
graphic multi-objective bandit problem [Tekin, 2019; Hiiyiik
and Tekin, 2021], where the higher-priority objectives must
be optimized before lower-priority ones.!

Despite recent progress in lexicographic bandit optimiza-
tion [Hiiylik and Tekin, 2021; Xue et al., 2024; ?; ?], existing
methods often neglect safety constraints, which are essential
in many real-world applications. For example, in high-stakes
environments such as healthcare and autonomous systems,
deploying exploratory policies without performance guaran-
tees may lead to unacceptable outcomes. This motivates
the study of conservative (or safe) bandits [Wu et al., 2016;
Katariya et al., 2019; Kazerouni et al., 2017; Moradipari et
al., 2020; Lin et al., 2022], where the learner must ensure
that its performance does not fall significantly below that of a
known baseline policy. While conservative constraints have
been well-studied in single-objective settings, whether com-
parable guarantees can be attained under multi-objective
formulations remains an open problem.

In this paper, we introduce the framework of safe MOSLB
with hierarchical preferences, which combines lexicographic
preferences with two types of safety constraints: cumulative
constraints and stage-wise constraints. This is the first work
to address multi-objective bandits under safety constraints,
and our main contributions are summarized as follows:

e Under cumulative constraints, we present LexUCB-C,
a UCB-based algorithm that achieves a regret bound of
O(W'(w) - dVT + d? - a=2) for each objective i € [m]
where W(w) = 1+w+- - -+w' ™1, wis a weight param-
eter reflecting the trade-off among conflicting objectives
(introduced in Assumption 4), d is the dimension, T is
the time horizon, and « is the safety threshold.

* Under stage-wise constraints, we develop LexTS-S, a
Thompson Sampling-based method that enforces per-
round safety. LexTS-S achieves a regret bound of

O(W(w)-d3/2\/T +d-a~3) for each objective i € [m].

* Both algorithms achieve regret bounds comparable to
those of single-objective safe bandit methods [Kazer-
ouni et al., 2017; Moradipari et al., 2020], in terms
of their dependence on d, 7" and . Moreover, since
W1(w) = 1 for any trade-off value w, the performance

"Due to space limitations, a more comprehensive discussion of
related work can be found in the Appendix A.

of the highest-priority objective (¢ = 1) remains nearly
unaffected when optimizing additional objectives.

* We conduct experiments on both synthetic and real-
world datasets using carefully designed settings that re-
flect hierarchical preferences and safety requirements.
The results validate our theoretical findings.

2 Problem Setting

This section formalizes the problem setting. First, we intro-
duce the notation and the standard MOSLB model. Second,
we define the lexicographic ordering and extend the conserva-
tive bandit framework to the multi-objective setting. Finally,
we state the key assumptions used in our analysis.
Notation. We denote by = € R? a feature (context) vector in
a d-dimensional real space. The standard Euclidean norm of
@ is written as ||z ||, while the Mahalanobis norm with respect
to a positive definite matrix V € R%*? is defined as ||z||y =
(T V)'/2. For a positive integer m, we use [1n] to represent
the index set {1, 2, ...,m}. The superscript ¢ € [m] indicates
quantities associated with the i-th objective.
Model. MOSLB is a T-round sequential decision-making
problem. At each round ¢ € [T, the learner observes a set of
feasible arms X; C R%, and selects an arm x; € A;. Upon
selection, the learner receives a stochastic reward vector y; =
[yt,y?,...,y"] € R™, where m is the number of objectives.
The expected reward for each objective ¢ € [m] is assumed to
follow a linear model:
Ely] = p' () = (05, @),

where 8¢ € R? is an unknown vector for the i-th objective.

Next, we adopt the lexicographic order [Hiiyiik and Tekin,
2021] to compare reward vectors across multiple objectives.

Definition 1 (Lexicographic Order). Suppose u,v € R™. u
lexicographically dominates v, if there exists an index i* €
[m] such that v/ = v forall j < i*, and u*" > v*".

For example, [1,3,2] dominates [1,0,8] with i* = 2.
Based on this, the optimal arm is defined as follows.
Definition 2 (Lexicographic Optimal Arm). An arm x} € X;
is lexicographic optimal if its expected reward vector is not
lexicographically dominated by that of any arm in X.

Given the optimal arm x}, we can naturally define the re-
gret in multi-objective setting, which is the cumulative gap
between the optimal arm 7 and the chosen arm x4, i.e.,

T
RU(T) =) (0.,
t=1

In conservative bandits, the learner is required to maintain
performance that does not fall significantly below that of a
given baseline policy [Kazerouni et al., 2017; Moradipari et
al., 2020]. We extend this principle to the multi-objective
setting. Specifically, at each round ¢, a baseline arm xy, is
provided. We consider two types of safety constraints:
Definition 3 (Cumulative Constraint). For each objective i €
[m), the learner’s cumulative expected reward must exceed a
fraction (1 — «) of the baseline’s cumulative reward:

v e [T, 3 i) > (1 a) 3 i, ).
=1 T=1

—x4),1 € [m].



Definition 4 (Stage-Wise Constraint). For each objective © €
[m], the learner’s expected reward at each round must exceed
a fraction (1 — &) of the baseline reward:

vt € [T, ' (m:) > (1 — a)p'(s,)-

Finally, we introduce some common assumptions on lin-
ear bandits [Abbasi-yadkori ef al., 2011; Jun and Kim, 2024],
conservative bandits [Kazerouni et al., 2017; Moradipari et
al., 2020] and multi-objective bandits [Xue et al., 2024].

Assumption 1. The reward noise is o-sub-Gaussian, i.e., for
allt € [T) and i € [m],

. . 2.2
E [e#0i-1@0) < exp (5 o

),VBGR.

Assumption 2. The inherent parameter vectors and contex-
tual vectors are bounded, such that there exists some B > 0,

16| < B,Vi € [m],and ||z|| < 1,Vx € X;.
Meanwhile, (6%, x) < 1 holds for all i € [m] and x € X,.

The sub-Gaussian assumption allows us to derive high-
probability confidence bounds via standard concentration in-
equalities, while the boundedness of both model parameters
and context vectors ensures that the expected rewards remain
within a well-defined range.

Assumption 3. Let A'(xp,) = pi(x}) —pi(xp,). There exist
constants 0 < Ap < Ay and 0 < py < iy such that for all
i€ [m]andt e [T),

Ap < A(wy,) < Ay,and pp < pt(an,) < pa-

This assumption ensures that the conservative baseline arm
maintains a bounded gap from the optimal arm, which is crit-
ical for establishing safe exploration guarantees.

Assumption 4. There exists a constant w > 0 such that for
any i > 2and x € X, the trade-off between the i-th objective
and higher-priority objectives is bounded as

p () — p'(ay) <w- jg;a_ﬁ]{uj(wf) — 1 ()},

This structural condition captures the lexicographic prefer-
ence among objectives, ensuring that, relative to the optimal
arm x;, any improvement in a lower-priority objective cannot
compensate for excessive degradation in higher-priority ones.

3 Algorithms

We develop two algorithms for lexicographic linear bandits
with safety constraints. LexUCB-C addresses the cumula-
tive constraint using the UCB principle, while LexTS-S han-
dles the stage-wise constraint via Thompson Sampling. To-
gether, they provide complementary approaches for safe lex-
icographic bandit optimization.

3.1 Lexicographic UCB for Cumulative Safety

LexUCB-C is a UCB-based algorithm for setting with cumu-
lative safety constraints. At each round, it either selects a
high-performing arm under lexicographic preferences or de-
faults to a conservative baseline to ensure safety. The full
procedure is in Algorithm 1.

Algorithm 1 LexUCB-C

Input: T,m, B, a,d, \,w
1: Set Vi =AML ¢; =VAB,0: =0,2,=0,7, =0
2: fort =1toT do N
3: @} < SELECTARM({0}}7",,cs, Vi, Xp)

(Alg. 2)

4:  Compute the lower bounds L for i € [m] by Eq. (1)
5. if Safety condition (2) holds for all objectives then
6: Play z; = x and observe [y}, y2, ...,y

7: Update Zt41 = Rt + T, 7;+1 = 7; U {t}

8: Update Viyq = V; + xpz)

9: Compute the estimators {6 41}t by Eq. (3)
10: Compute the confidence radius ¢, by Eq. (4)
11:  else
12: Play baseline x; = xp, (Conservative play)
13: Maintain 2,1 = 2z, update 7,5, = T, U {t}
14: Keep Vt+1 = Vt, Ct+1 = C¢, 0§+1 = Bi,Vz S [m]
15:  endif
16: end for

Initialization. At the beginning of the algorithm, several
quantities are initialized. The regularized covariance matrix
is set to Vi = Al where A > 0 ensures numerical stability
in the estimation process. The confidence radius is initialized
as ¢; = VB, where B is the bounded prior in Assump-
tion 2. The initial estimators for each objective i € [m] are
set to zero vectors, i.e., é{ = 0. The cumulative decision
vector zp is initialized to zero and will be used to accumu-
late the sum of selected arms that are not conservative. The
set 71, which tracks rounds in which optimistic (i.e., non-
conservative) arms are played, is initialized to be empty.
Main Loop. At each round ¢, LexUCB-C first calls the sub-
routine SELECTARM (Algorithm 2), which returns a candi-
date arm a; that respects the lexicographic preference struc-
ture. The details of this subroutine will be discussed shortly.
Given a selected candidate arm x}, LexUCB-C evaluates
its safety by computing the worst-case lower bound on the
cumulative reward, including «} for each objective i € [m],

Ly= min (9, z; + ), Ci={0]l16 - 6;llv, <} (D

z; denotes the cumulative action vector up to round ¢ — 1, and
6! is the empirical estimate of the reward vector for objective
i. The term L! captures the most pessimistic cumulative re-
ward that could be incurred under current confidence region,
assuming x} is selected.

To ensure safety, LexUCB-C verifies whether the total
worst-case reward exceeds a certain fraction of the reward
obtained by always playing a fixed conservative baseline.
Specifically, the arm x} is considered safe if the following
condition holds:

t
Lit Y pims) > (1-a) Y piay,) Vi€ [m], @

TETS T=1

where 7,¢ is the set of rounds up to ¢ — 1 in which the conser-
vative baseline action x;_ was played. This constraint guar-
antees that, in each objective, the cumulative reward does not
fall below the benchmark established by the baseline policy.



Algorithm 2 SELECTARM

Input: {0;};21, Ct, Vt, Xt
1: Initialize s = 1, Xy s = &
2: repeat
32 if 3z € X, with[|z[-1 < 1/VT then

4: X;.r  LEXFILTER({01}™ |, ¢}, X, 5, %)
5: Return any € X,

6: elseif 3x € &, ; with ||:c||vt_1 > 277 then

7: Return such x

8: else )

9: X, 541 < LEXFILTER({0:}™ | ¢, Xi s, 27°%)
10: s+ s+1

11:  endif

12: until an arm is selected

Algorithm 3 LEXFILTER

Input: {6}, ¢;, X s, C
1: Initialize X, = X,
2: fori =1tomdo )
3: & =arg maxwexfng,a:)
4 X, ={z e X1 (0,5~ x) < (Tiydw’ +2)-
Ct - C}
end for
return X}’

SR

If the safety condition is satisfied for all objectives, the can-
didate arm «; is considered safe. LexUCB-C plays x} and
observes the reward vector [y}, ..., yi"]. It then updates the
cumulative arm vector, z;11 = 2; + ®¢, adds the current
round to the non-conservative set, 711 = 7; U ¢, updates the
covariance matrix, V41 = V; + mt:c: , and recomputes the

estimators {6}, }!™ | via regularized least squares:
9111 = Vi XenY] 3)
t+1 — Vig1M+1 L4

where

7mt]7Yi+1 = [yivy%v s ’yﬂ

The confidence radius c;1 is then updated accordingly, i.e.,

Cty1 = U\/dlog <m(1+|7;+1|/)\)) +VAB. (4

Xiy1 = [T1, T2, . ..

J

If the safety test fails for some objective, LexUCB-C plays
a predefined conservative arm x; = xp,. In this case, the
cumulative vector z;, estimators, confidence radius and co-
variance matrix remain unchanged. The round index is added
to the set of conservative rounds: 7,5, = 7,° U {t}.
Arm Selection. To identify a candidate arm x} for the safety
test, LexUCB-C relies on a dedicated subroutine, SELEC-
TARM, which aims to find a lexicographically optimal arm
under current uncertainty. We now describe this arm selec-
tion procedure and its internal mechanism.

SELECTARM begins with the full feasible arm set X} ; =
X and iteratively refines it. At each iteration s, SELECTARM

considers the current set &; 5, and evaluates the uncertainty
term ”33”\/;1 for each arm & € X, ;. Precisely, if there ex-
ists an arm with sufficiently small uncertainty (Step 3), SE-
LECTARM invokes the LEXFILTER procedure with a high-
confidence threshold C' = 1/ VT, and randomly returns any
arm from the resulting filtered set. This ensures the selection
of a confident and lexicographically optimal arm. Otherwise,
if there exists an arm with norm exceeding a coarser threshold
279 (Step 6), such an arm is directly selected. This branch en-
courages timely exploration when high-confidence arms are
not yet available. If neither condition is met (Step 8), the
arm set is refined by applying LEXFILTER with the thresh-
old C' = 27°. Note that this lexicographic criterion becomes
stricter as the iteration progresses, i.e., from stage s to s + 1.
The updated set &} 541 is then used in the next iteration, and
such process repeats until an arm is selected.

Lexicographic Elimination. LEXFILTER performs sequen-
tial elimination across objectives following their priorities.
Given the current arm set A} ,, it maintains a sequence of
filtered subsets A/ _ for i € [m]. At each level i, LEXFILTER
identifies the empirically optimal arm,

i yi
Z; = argmax(0;, ).
zex;

It then eliminates any arm x from Xf,gl if its estimated re-

ward falls behind that of ¢ by more than a threshold propor-
tional to ¢; - C,

i—1
Xtﬁs ={xe XZ;I (é;,i; —x) < (Z 4w’ +2) ¢ - Ch.
=0

The threshold is scaled by a factor capturing the cumulative
uncertainty propagated from higher-priority objectives. Af-
ter m rounds, the final surviving set thf; is returned which
consists of arms that remain competitive under all objectives.

In summary, LexUCB-C combines lexicographic opti-
mization with cumulative safety monitoring. It ensures that
the chosen arms respect safety constraints over time while
optimizing higher-priority objectives first. We provide the
following theoretical guarantee for LexUCB-C.

Theorem 1. Suppose Assumptions 1 - 4 hold. Then, with
probability at least 1 — 6, for any objective i € [m)], the regret
of LexUCB-C is bounded as

RU(T) < 4W'(w) - ep - (VT + 1010g(T)VdT )
dPKA,
apie - (Dgorprg)’
where

Wiw) =1+w+---+w'™,
cr = U\/dlog (m(l + |TT/)\)> + \AB,

o
2

K = 228(BVA +0)?

log (GQdW(Bﬁ + 0))
VE(Ar + o)




Remark 1. Theorem 1 shows that LexUCB-C achieves a re-
gret bound of O(W#(w) - dv/T + d? - a—2) for any objective
i € [m]. The first term matches the standard regret rate of
single-objective linear bandits [Kazerouni et al., 2017] up to
a multiplicative factor W*(w). This factor reflects the cost
of optimizing multiple objectives in a lexicographic manner.
Notably, W!(w) = 1 implies that the regret bound on the
highest-priority objective remains unaffected even optimizing
other objectives simultaneously. Lower-priority objectives in-
cur larger regret so as to maintain prioritization structure.

3.2 Lexicographic TS for Stage-Wise Safety

Under the stage-wise safety setting, we propose LexTS-S, a
Thompson Sampling-based algorithm that incorporates lex-
icographic preferences and enforces safety at every round.
The full procedure is summarized in Algorithm 4.
Initialization. At the beginning, LexTS-S set the regularized
covariance matrix as V; = AI, where the parameter A > 0
ensures numerical stability. The initial confidence parameter
is defined as ¢y = B = VB, and the reward estimator
for each objective @ € [m] is initialized to zero, ie., 8 =
0. Meanwhile, a mixing parameter p; € (0, B”jg‘) is also
specified for constructing safe exploration.

Main Loop. At each round ¢, LexTS-S first generates a ran-
domized parameter vector to estimate reward for each objec-
tive. Specifically, for each i € [m], a sample is drawn from a
Gaussian posterior,

0, ~N(0;.ci - Vi),

where the posterior mean é; and covariance ¢ - V; ! are con-
structed using the same regularized least-squares estimator
and covariance matrix as in LexUCB-C. This TS-based sam-
pling introduces randomized exploration, in contrast to the
optimistic UCB strategy used in LexUCB-C.

Next, LexTS-S constructs a stage-wise safety region S; by
intersecting the per-objective safe sets:

St = m SZ?
=1
where
si={o e | minio.0) > 1 -t}
occi

Here, Ci = {0 | ||0 — 6|y, < ¢} is the confidence region
for objective i. Intuitively, Sf includes arms whose worst-
case reward is guaranteed to exceed a fraction (1 — «) of the
baseline’s reward for objective i. By intersecting these sets,
S; contains only arms that are simultaneously safe across all
objectives at round ¢. This differs from LexUCB-C, where
safety is verified cumulatively using a global reward budget,
and thus the candidate arm could be risky in the short term as
long as cumulative safety is maintained.

LexTS-S then checks whether the safety region S; is
nonempty and whether the design matrix is sufficiently well-
conditioned, i.e.,

Amin (Vi) > (h)Q
min t) = Ag+OZILL[ )

Algorithm 4 LexTS-S

Input: T, m, B, a, 6, A\, w, Ay, pe
1: Set Vi = AL ¢; = 8, = VAB, i =
2: Choose a value p; € (0, B‘jf;‘u)
3:fort=1t07Tdo
4 Sample 0 ~ N(0:,¢2 -V, 1)
5:  Compute the safety region: S; = N™ | S}, where

S) = {x € X; | min(0,x) > (1 — oz)u"’(wbt)}
6eci
2

6 i S # Dand Awin(Vi) = (52 ) then
7: x; < SELECTARM(O!, ¢; + B¢, Vi, Sy)  (Alg. 2)
8: else
9: Sample (; uniformly from the unit sphere in R?
10: xr +— (1= p1)ap, + p1Ge (Conservative play)
11:  endif
12:  Play ; and observe reward vector [y}, yZ, ...,y

13:  Update Vg = Vi + xiz]

14:  Compute the estimators {6’ 411 by Eq. 3)
15:  Compute c¢;11 and ;11 by Eq. (5)

16: end for

where Ay and p, are problem-dependent constants defined
in Assumption 3. If these conditions are satisfied, LexTS-S
calls the SELECTARM subroutine (Algorithm 2) to select an
arm x;, which passes the sampled parameters {6:}" ,, the
confidence parameter c¢; + [;, and the feasible set S;. This
subroutine follows the same iterative filtering mechanism as
in LexUCB-C, using LEXFILTER to preserve lexicographic
optimality among the arms in S;.

If either condition fails, either because the safety region is
empty or because the confidence in parameter estimates is too
low, LexTS-S takes a conservative action. Instead of playing
a fixed baseline arm, it mixes the conservative baseline xp,
with a randomly sampled unit vector (;,

Ty = (1 - pl)wbt + plCtv

where p; balances between baseline performance and ex-
ploratory progress. This conservative play guarantees the
stage-wise safety constraint even in highly uncertain situa-
tions, similar to the conservative mechanism in LexUCB-C
but with a stage-wise guarantee.

After the arm x; is played, LexTS-S observes the reward
vector [y}, yZ, ...,y and updates the covariance matrix and
estimators in the same manner as LexUCB-C. Finally, the
confidence radius is computed as follows,

Coy1 = 0\/dlog <mT(1+t/A)) + VB

d

o)
8dmT

Bt-&—l = C¢+41 2d10g (;n)

In summary, LexTS-S differs from LexUCB-C in two key
aspects: (i) it enforces stage-wise safety, requiring that each
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Figure 1: Visualization of arm space and regret curves under safety constraints. (a) The arm space is a convex hull of four vertices:
{(0,0), (1,0),(0,1), (0.5,1)}, where the optimal arm is (0.5,1). (b) Performance comparison of CLUB and LexUCB-C under cumula-
tive safety constraints, where LexUCB-C achieves sublinear regret on both the 1st and 2nd objectives. (c) Performance comparison of SCLTS
and LexTS-S under stage-wise safety constraints, where LexTS-S achieves sublinear regret on both the 1st and 2nd objectives.

selected arm be immediately safe, rather than maintaining
safety cumulatively; and (ii) it adopts a Thompson Sampling
strategy based on posterior sampling of reward parameters, in
contrast to the optimistic upper confidence bound approach
used in LexUCB-C. These distinctions make LexTS-S more
conservative in the short term, and better suited for environ-
ments where immediate safety is essential.
The regret bound of LexTS-S is provided as follows.

Theorem 2. Suppose Assumptions 1 - 4 hold, and that the
arm set X, is convex and compact for all t € [T). Then, with
probability at least 1 — 6, for any objective i € [m)], the regret
of LexTS-S is bounded as

RU(T) < 4W'(w) - (ep + Br) - (x/T +10log T - Jﬁ)

where

Wiw)=1+w+---+w!,

He 9
p1 <B+uu>a’ 1=2p1(1 = p1) + 2p7,

. << 2crd >2+2h§d410 (md)
"=\ A+ ap) ot 5\

2h1crd?/8log(md/9)
P (A + oupug) '

Remark 2. Theorem 2 provides a high-probability regret
bound for LexTS-S under stage-wise safety constraints. The
leading term O(W?(w) - d*/?/T) matches the typical regret
rate of Thompson Sampling-based linear bandits [Abeille and
Lazaric, 2017] up to a multiplicative factor W(w), which
arises from sequentially optimizing multiple objectives with
lexicographic priorities. Similar to LexUCB-C, the bound
ensures that the most important objective (¢ = 1) achieves
nearly optimal regret scaling, i.e., W*(w) = 1, while lower-
priority objectives may incur increased regret due to the hier-
archical optimization. The additional d® - o~ term reflects
the cost of maintaining strict stage-wise safety throughout the
learning process. In particular, a smaller « leads to more cau-
tious behavior, ensuring that safety constraints are less likely
to be violated, but at the expense of a larger regret penalty.

4 Experiments

In this section, we evaluate our algorithms under safety con-
straints on both synthetic and real-world datasets.We summa-
rize the baselines and briefly describe the datasets here. Full
experimental details are provided in Appendix B.

We compare our methods with two representative single-
objective conservative linear bandit methods: (i) CLUCB
[Kazerouni et al., 2017], which optimizes only the first objec-
tive while ensuring the cumulative reward stays above (1 —«)
times that of the baseline, and (ii) SCLTS [Moradipari ef al.,
2020], which optimizes only the first objective and maintains
the stage-wise reward above (1 — «) times the baseline.
Synthetic Dataset. The decision set (arm space) is the con-
vex hull of four vertices: {(0,0),(1,0),(0,1),(0.5,1)}, as
illustrated in Figure 1(a). The inherent vectors for the two
objectives are 8} = [0,1] and 62 = [1, 0], respectively. Un-
der this setting, the expected reward for any arm « is given by
[(0'x), (0*x)] = [22,x1]. Thus, the first objective is max-
imized when x5 = 1, achieving the optimal value of 1. All
arms lying on the top edge of the convex hull satisfy this con-
dition. Among these arms, the second objective is maximized
when z; = 0.5, which yields the highest possible second-
objective reward of 0.5 under the constraint that the first ob-
jective remains optimal. Therefore, the lexicographic optimal
arm is 7 = [0.5, 1], corresponding to the expected reward
vector [1,0.5]. The baseline (safe) arm is set to the centroid
of the convex hull, € = [0.375, 0.5].

Under the cumulative safety constraint, Figure 1(b) shows
that our proposed algorithm LexUCB-C achieves perfor-
mance comparable to the baseline CLUCB on the first ob-
jective. This empirically supports our theoretical guarantee
that LexUCB-C preserves the performance of the most impor-
tant objective. Moreover, LexUCB-C-2nd consistently yields
lower cumulative regret than CLUCB-2nd across the entire
time horizon, demonstrating its effectiveness in optimizing
the secondary objective without compromising safety. These
results highlight the strength of LexUCB-C in balancing lex-
icographic reward maximization with long-term cumulative
safety guarantees in multi-objective decision-making.

Under the stage-wise constraint, Figure 1(c) shows that
LexTS-S incurs slightly higher regret on the primary objec-
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Figure 2: Cumulative regret comparison between LexUCB-C and CLUCB (cumulative safety constraint) and LexTS-S and SCLTS (stage-

wise safety constraint) on MovieLens 100K dataset.

tive compared to the baseline SCLTS. This is expected, as
SCLTS is designed to solely optimize the primary objective.
Nonetheless, the flattened regret curves of LexTS-S on both
objectives suggest that it successfully identifies the lexico-
graphic optimal arm. In contrast, SCLTS exhibits nearly lin-
ear regret on the second objective, highlighting LexTS-S’s
ability to handle multiple objectives simultaneously. These
results demonstrate that LexTS-S effectively leverages the
multi-objective structure to maintain strong performance even
under stringent per-round safety constraints.

Real-world Dataset. We evaluate our proposed algorithms
on the MovieLens 100K dataset? [Harper and Konstan, 2015],
a widely used benchmark in recommender systems and ban-
dit research [Li et al., 2025]. The dataset consists of 100,000
ratings provided by 943 users on 1,682 movies, where each
rating is given on a 5-star scale. Each movie is accompa-
nied by metadata such as title, release date, and genre infor-
mation covering 19 categories (Action, Adventure, Anima-
tion, Children’s, Comedy, Crime, Documentary, Drama, Fan-
tasy, Film-Noir, Horror, Musical, Mystery, Romance, Sci-Fi,
Thriller, War, and Western). We represent each movie as a 21-
dimensional feature vector, consisting of a 19-dimensional
one-hot encoding of its genre affiliations, a 1-dimensional
normalized popularity score (ranging from 0 to 1), and a
1-dimensional bias term (set to a constant value of 1). To
construct a multi-objective recommendation environment, we
define three distinct objectives: User Satisfaction, Diversity
Promotion, Genre Alignment.

Figures 2(a)-(c) present the cumulative regrets of all algo-
rithms on the real-world dataset. For the first objective (Fig-
ure 2(a)), our proposed algorithms, LexUCB-C and LexTS-S,
exhibit regret curves that are almost indistinguishable from
those of the baselines CLUCB and SCLTS throughout the
learning horizon. This observation indicates that incorporat-
ing lexicographic preferences does not compromise the opti-
mization of the most critical objective. In the early stage, the
regret of LexUCB-C slightly fluctuates due to its confidence-
based exploration, while LexTS-S demonstrates smoother
convergence, benefiting from the posterior sampling mech-
anism. As the number of rounds increases, both algorithms
rapidly stabilize, achieving a comparable cumulative regret
level to that of the baselines, thereby validating their ability

“https://movielens.org/

to preserve first-priority optimality.

In contrast, for the second and third objectives (Fig-
ures 2(b)-(c)), the advantage of our lexicographic design
becomes evident. Both LexUCB-C and LexTS-S achieve
smaller cumulative regrets compared to CLUCB and SCLTS,
with the performance gap widening over time. This demon-
strates that, after optimizing the dominant objective, our algo-
rithms effectively exploit the remaining exploration capacity
to improve outcomes for subsequent objectives. The hierar-
chical update rules in LexUCB-C and LexTS-S enable the
agent to adaptively focus on secondary and tertiary objectives
without violating the lexicographic priority constraints. Over-
all, these results confirm that the proposed algorithms not
only maintain competitiveness on the leading objective but
also substantially enhance performance on subordinate ones,
thereby realizing true lexicographic optimization in practice.

5 Conclusion and Future Work

In this paper, we formalize and investigate the problem of safe
lexicographic MOSLB, which integrates lexicographic pref-
erences with two widely adopted safety constraints: cumula-
tive and stage-wise constraints. We design two algorithms
tailored to these settings. For the cumulative-safe setting,
we develop LexUCB-C, a UCB-based algorithm that respects
lexicographic order while ensuring cumulative safety. For
the stage-wise-safe setting, we offer LexTS-S, a Thompson
Sampling-based method that guarantees per-round safety. We
provide rigorous regret analysis for both algorithms, show-
ing that their performance matches that of existing single-
objective safe bandit algorithms [Kazerouni et al., 2017;
Moradipari et al., 2020] in terms of dependence on the dimen-
sion d, time horizon 7', and safety threshold a.. Notably, we
demonstrate that optimizing lower-priority objectives incurs
minimal additional regret to the highest-priority objective.

This work opens several promising directions for future
research. First, extending our framework to nonlinear re-
ward models or more general action spaces would broaden
its applicability. Second, while our analysis provides worst-
case guarantees, exploring problem-dependent algorithms
that leverage structural properties to improve empirical per-
formance is an important direction. Finally, eliminating the
reliance on prior knowledge assumed in Assumptions 1-4
would enhance the practical utility of our algorithms.
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A Related Work

In this section, we review the related literature across three closely related research areas that are most relevant to our work:
stochastic linear bandits, safety-constrained bandits, and multi-objective bandits.

A.1 Stochastic Linear Bandits

Dani et al. [2008] formalized the stochastic linear bandit problem and employed the confidence ellipsoid technique to derive

a regret bound of O(d\/f ). Subsequent studies refined this technique: Abbasi-yadkori et al. [2011] proposed the OFUL
algorithm with sharper confidence bounds, and Rusmevichientong and Tsitsiklis [2010] studied improved exploration strategies
under additional assumptions. Parallel to this, posterior sampling methods demonstrated superior empirical performance and
achieved a regret bound of O(d3/ 2T ) [Agrawal and Goyal, 2013; Abeille and Lazaric, 2017]. Recent work has explored
variations of this model, including contextual constraints [Lin et al., 2022], hybrid reward structures [Das and Sinha, 2024],
and lower bounds that confirm the minimax optimality of existing algorithms [Lattimore and Szepesvari, 2020]. However, these
methods focus exclusively on single-objective learning and do not account for multi-objective trade-offs or safety constraints.

A.2 Safety-Constrained Bandits

Bandit optimization with safety constraints has been extensively studied [Singla and Krause, 2013; Babaioff et al., 2015], with
the Bandits with Knapsacks (BwK) framework [Badanidiyuru et al., 2013] serving as a foundational model. This framework
addresses reward maximization subject to cumulative budget or resource constraints. Early algorithms in this domain rely on
primal-dual methods and linear programming [Badanidiyuru et al., 2013; Agrawal and Devanur, 2016], while later work ex-
tends these techniques to adversarial settings [Immorlica et al., 2019; Sivakumar et al., 2022] and dynamic environments [Liu et
al., 2022]. A related but distinct line of constrained bandit work focuses on conservative bandits, where the learner must ensure
performance remains above a fraction of a baseline policy. This idea was first introduced by Wu et al. [2016] in the stochastic
MAB setting and later extended to linear bandits by Kazerouni et al. [2017] and Garcelon et al. [2020], with methods typi-
cally relying on modified confidence sets or feasibility projections to maintain cumulative safety. Another important direction
involves stage-wise constraints, which require safety to be satisfied at every round, reflecting stricter guarantees suitable for sen-
sitive applications such as healthcare or autonomous systems. In this setting, Amani et al. [2019] and Moradipari et al. [2020]
developed UCB- and TS-based algorithms for linear bandits. However, these works are limited to single-objective settings and
do not address the more complex challenges of balancing multiple objectives or respecting strict preference hierarchies.

A.3 Multi-Objective Bandits

The study of multi-objective bandits began with the work of Drugan and Nowe [2013], who proposed to handle vector-valued
rewards by scalarizing them into a single-objective form. Subsequent works explored more flexible scalarization strategies, in-
cluding adaptive and non-linear scalarization methods [Roijers et al., 2017; Wanigasekara et al., 2019]. Parallel to scalarization-
based methods, another line of research focused on Pareto-optimality, either aiming to approximate the Pareto front [Auer et
al., 2016; Kone et al., 2024] or to minimize cumulative Pareto regret [Lu ef al., 2019; Xu and Klabjan, 2023]. While these
approaches offer principled ways to deal with multiple objectives, they typically rely on fixed or known preference weights and
cannot capture strict priority structures across objectives.

To address this limitation, lexicographic preferences have recently attracted growing attention. Tekin and Turgay [2018]
first considered lexicographic ordering in contextual bandits with two objectives. This was later extended by Hiiyiik and
Tekin [2021] to the multi-objective MAB setting, accommodating more than two objectives and analyzing priority-based regret
bounds. Building on this, Xue et al. [2024] investigated the lexicographic Lipschitz bandit problem. Beyond bandits, lexico-
graphic optimization has also been explored beyond the bandit domain, including in multi-objective optimization [Abernethy
et al., 2024], reinforcement learning [Skalse et al., 2022; Zhang et al., 2023], and fairness-aware learning [Diana et al., 2021].
Despite these advances, lexicographic bandits under safety constraints remain largely unexplored.

B Experimental Settings

This section describes the experimental settings used to evaluate the proposed algorithms, including the computational environ-
ment, synthetic data generation, and real-world recommendation scenarios. All experiments are conducted on a Windows 10
machine equipped with an Intel(R) Core(TM) i7-11700 CPU.

B.1 Synthetic Experimental Setting

We set the time horizon to T' = 5000, the regularization parameter to A = 1.0, the safety tolerance to a = 0.2, and the
confidence level to § = 0.05. At each round ¢ € [T, the stochastic reward for objective ¢ is sampled from a Gaussian
distribution with mean (0%, ;) and variance 0.1. To ensure statistical robustness, each experimental setting is repeated 10
times with different random seeds, and we report the averaged results. Following prior work [Chapelle and Li, 2011; Jun et al.,
2017], we scale the confidence terms in all algorithms by a tuning factor selected from the range [0.01, 1].



B.2 Real-world Experimental Setting

In the real-world experiments, we select the 500 movies (arms) with the highest number of user-assigned ratings and a subset
of 20 users who have provided the most ratings. To mitigate user-specific biases, we maintain separate estimators for each user,
ensuring that the learning process for one user does not affect the performance estimates of others.

To construct a multi-objective recommendation environment, we define three distinct objectives that represent different
aspects of recommendation quality:

* Objective 1 (User Satisfaction): The normalized rating score, computed as /5.0, where r denotes the original 1-5 star
rating. This serves as the primary optimization target for conventional single-objective algorithms.

* Objective 2 (Diversity Promotion): A popularity-based term, defined as 1 — %}%’ where popularity(x) is the

number of ratings received by movie . This objective promotes exposure to less popular items, mitigating the filter
bubble effect.

* Objective 3 (Genre Alignment): The cosine similarity between the user’s preference vector and the movie’s genre vector.
User preferences are derived by averaging the genre vectors of movies previously rated by the user, reflecting their genre
affinity. This objective ensures that recommendations align with individual content preferences.

All algorithms are configured with the following hyperparameters: 7' = 20,000, & = 0.3, A = 1.0, and 6 = 0.05. Ex-
periments are conducted using different random seeds, and results are averaged over 10 runs to ensure statistical reliability.
We employ a comprehensive evaluation framework assessing performance across all three objectives. For each user, we define
a baseline movie as the one with their highest historical average rating (Objective 1). At each time step ¢, the experimental
procedure proceeds as follows:

1. A user is sampled randomly from the pool of 20 users.
2. Each algorithm independently selects a movie according to its specific policy, given the current user context.

3. Upon arm selection, the true multi-objective reward vector is retrieved from the historical rating data, representing: user
satisfaction, diversity measure, and genre alignment for the chosen movie-user pair.

4. Each algorithm updates its internal parameters based on the observed rewards.

5. Per-objective regrets are then computed by comparing the obtained rewards against those of the user-specific optimal
movies, i.e., the movies that would have achieved the lexicographic optimal reward.

This experimental protocol ensures a consistent evaluation across users and objectives, and facilitates a clear comparison be-
tween multi-objective algorithms and single-objective conservative baselines under both performance and safety considerations.

C Proof of Theorem 1

Recall that 77 C [T] denote the set of rounds in which the algorithm plays an arm from the optimistic set X3, and let 7.5 =
[T] \ Tr be the rounds where the algorithm falls back to the baseline action @;, due to the safety constraint. Then, for any
objective i € [m], we decompose the regret as:

R(T)= Y (&} —=,0,) + Y (] —,,6.)
teTT4+1 t€TF
< x; —x,0° AV
= Z< t t *> +nr
teTr Ri(T%)
| —
R (Tr)
where np := |7F] is the number of fallback rounds, and A,, denotes the maximum suboptimality gap on any objective as we
given in Assumption 3.

Bounding the Optimistic Rounds R(77). We bound the regret incurred in rounds ¢ € 77, which highly depends on the
structure of lexicographic elimination.

Lemma 1. With probability at least 1 — 0, for any © € A,

(67, ) — (0%, 2)| < cilla|ly 1, Vi € [m], Ve > 1.

Proof. The o-sub-Gaussian property of the rewards allows us to extend the Confidence Ellipsoid theorem of Abbasi-yadkori
et al. [2011] to the multi-objective context. Precisely, the Confidence Ellipsoid theorem of Abbasi-yadkori et al. [2011] states
that for a fixed ¢ € [m], 87 lies in the confidence region

Cl = {0 10 — 6iv, < 0\/dlog (M‘W> + fAB}

d




with probability at least 1 — §. Then, taking a union bound over all m objectives, we get that with probability at least 1 — 4, for
any i € [m], 0% lies in the confidence region

i - {e 16— 8]y, < ¢ (OIS | 5 - ct}.

)
Through the Lagrange method [Boyd and Vandenberghe, 2004], we calculate the upper confidence bound of (8%, x) for a
given arm ¢ € X; as

ul(z) = max (f,x) = max (0+ OAL:c) = (éz,@ + a1
HG_GZH\Q <ct HGHVt <c t

Similarly, the lower confidence bound of (0%, ) for an arm x € X; is given by
() = (0, x) — cil|zly -+

Thus, we can conclude that with probability at least 1 — ¢, for any € X}, the following inequality holds for all ¢ € [m] and
t>1,
65, 2) — (6%, @)| < cill]y 1

The proof of Lemma 1 is finished. O

Next, we provide a high-probability bound on how far the arms in the lexicographic filtering set X;”; deviate from the true
lexicographic optimal arm ;. This is formalized in the following lemma.
Lemma 2. In Algorithm 3, if x} € X, s and Hsc||v:1 < C forany x € X, s, then with probability at least 1 — §, x} € X", and
Jorany x € X",

O, xf —x) <4l +w+w? +---+w™ ¢ - Cri € [m].

Proof. We first recall the confidence bounds. Since X C X} ,, then with probability at least 1 — 6, forany € X and i € [m],

it holds that N . _
(0}, 2) +¢c;-C > (0,,2) > (0], x) — c; - C.

We proceed by induction on the objective index i € [m)].
Base case (i = 1): By assumption, z; € X = X, ,. The first-stage filtered set is defined as

X}, = {:c € X,

(6, @) + - C = (0,a)) — e C}.
Because x;} is the lex-optimal arm and both =} and 2 are in X; 5, we have
(0, 27) + - C > (0, 2) > (01.47) > (0, ;) — 0 C,
sox; € X', Forany « € X! , we have
(01, @) > (6], @) — - C > (0}, &)) — 3¢, - C
> (0!, xF) — 3¢, - C > (0L, &) — 4¢, - C.

Thus,
0,27 —x) <4c; - C.

Inductive step: Suppose for¢ — 1 > 1 we have
T € Xf;l, and Vx € 2(;;1, jeli—1],
01,27 —x) <4l +w+ -+ w )¢ C.
Let & := argmax, Xt (6, x). Then from the lex-smoothness assumption, we get
<0i7iL‘:> 2 <017i{‘/> —w- max <017 :B: - ii>
Jjeli-1]
> (0L, &) —dw-(14+w+---+w 2 ¢-C.

Since N _ o o
<0§,.’1}:>+Ct'02 <0>lkamr>v <0:<7"1A32> > <9ia§3§>—0t'07



we conclude .
(6], &) > (0], &) —2¢, - C —dw(l4+w+ - +w'2) ¢ -C.
This gives
(0, 7)) > (0], &) — (244w + 4w + -+ 4w 1Y) ¢ - C,
and thus «} € X7, with

Xti,s = {m € Xti,gl

(6}, ;) > (6;,2}) — <2+4w+...+4wif1>.ct.c},

Finally, since &; := argmax,, yi-1 (0}, ) and x; € X/t forany @ € X}, we have

(0l,z) > (0], x) —c,- C
> (0@ — ¢, - C— 244w+ - +4w' V). ¢ - C
> (0L xf)—c, C— 244w+ +4wY) ¢ - C
>0, x)) 41 +w+---Fw ¢ C.
So
O,z —x) <4(l+w+---+w™) ¢ -C
This completes the induction and proves the lemma. ]

Lemma 3. In Algorithm 2, with probability at least 1 — 6, forany s > 1 and x € X, 5,
Ol z; —x) <4(l+w+-+w' ™) - 27 i€ [m],t > 1.
Proof. For s = 1, Lemma 3 holds obviously since ||0%|| < B and ||z|| < 1 for any € X; ;. For s > 2, note that
X;.o = LEXFILTER({0:} | 1, Xy o1, 2750,

we consider to utilize Lemma 2, which is the theoretical guarantee for LEXFILTER. However, Lemma 2 holds under the
assumption that the optimal arm x} belongs to the input arm set X; ,_;. Therefore, we first prove that x; € X} , forany s > 1.
We take use of the induction method with respect to the stage index s to prove it. For s = 1, z} € &} ; obviously since
X1 = X Fors > 1,if 27 € &, 4, then Lemma 2 guarantees that x; € X; 4. Thus, 27 € X} ; forall s > 1.
With 2} € X -1 and X; s = LEXFILTER({0}}", ¢, Xt s—1,27°T), we can easily finish the proof of Lemma 3 by
Lemma 2. O

Lemma 4. In Algorithm 2, with probability at least 1 — 6, for any x € X, ,

O xf —x) <41 +w+---Fw ¢ .1 € [m].

VT
Proof. The proof of Lemma 2 indicates that z} € &; ; for any s > 1. Dueto X = LEXFILTER({éi ™y X s, 1/\/T),

taking C' = 1/+/T into Lemma 2 finishes this proof. ]
We now bound the number of rounds in which the confidence interval width exceeds a given resolution level. This result is
essential for controlling the cumulative regret contribution from uncertain decisions.

Lemma 5. In Algorithm 2, define
l/fs _{te ]|Hmt||vf >27s}’

i.e., the set of rounds where the confidence width exceeds 2~°. Then, for any s € [S|, it holds that

[9s(T)] < 5-2°V/d|tos(T)|log [15(T)|

Proof. Let V, := I + Do s (t—1) x,x.) denote the design matrix restricted to the past rounds in 9, (¢ — 1). By Lemma 3 of
Chu et al. [2011], we have:

S ladllg. o < 5y/dln () og [T

teys(T)
Since 15(t — 1) C [t — 1], it follows that \7,5 < V4, and hence

@il < g,



Substituting this into the previous inequality yields:
Yo Nzl < 5Vdba (D) log [wa(T)]-
tes(T)
By the definition of ¢s(T), for all ¢ € 14(T'), the confidence width satisfies ||x; ||V71 > 2%, Using this, we obtain:

270y (T)| < Y awellyr < 5/d[es(T)[log [1s(T)].

teYs(T)
Multiplying both sides of the above inequality by 2° completes the proof. (]
Now, we are ready to bound the term R'(77). Let ¢o(T) = Tr \ Usg (s ¥s(T') denote the trials whose confidence interval

width is less than or equal to 1//T". Then, for any objective i € [m], its regret can be rewritten as

S
Ri(Tr)= > (OLa;—z)+>. > (0l,2] —a) (6)
te€yo(T) s=1 t€xs(T)
Lemma 4 tells that .
> (Ohaf — ) < (D] A1 +wt b er s Q)
t€Yo(T)
Lemma 3 tells that . .
3 (8@ — @) < (D) AL+ w ') ep 27 )
tey,(T)
Take Eq. (7) and Eq. (8) into Eq. (6), the regret for the ¢-the objective can be bounded as
R{(Tr) <41 +w+---+w'Y) e (W’O +ZQ 27| (T ) )
By Lemma 5 and the fact [1)4(7")| < T, we obtain
s s
D227 (1)] S 10 ) /d]es(T)[ log (D).
=1 =1
Next, a simple application of the Cauchy-Schwartz inequality [Aldaz et al., 2015] relaxes the above inequality as
s
> 2-27%4hy(T)| < 104/dST log(T).
=1
Due to S = |log(T')|, we can further relax it as
22 27%4hs(T)| < 101log(T)VdT. (10)

Taking Eq. (10) into Eq. (9) shows that
R(Tr) <4(l+w+---+w™ ) ep- (ﬁ+ lolog(T)\/dT) .

Bounding the Conservative Rounds R(75). To control the conservative term ny - Ay, we borrow the idea from the conser-
vative bandit literature. Precisely, Theorem 5 of Kazerouni et al. [2017] states that if A < 1 and 6 € Ct" for all ¢ € [m] and

t > 1, then )
2
np <1+ 114d2m—+0) [10 (64dﬁ(3\&+ ")>

o - (Ag + apie) V(Ag + apy)
Conclusion. Based on the upper bounds on R*(77) and R*(75), we can conclude that the regret of Algorithm 1 is
d’KA,
poe - (D¢ 4 aupig)

R(T) <4(1+w+---+w ) ep- (\/TJr 101og(T)\/ﬁ) T
:6<(1+w+~-+wi71)-d\/f+d2-of2)

where

K =228(BVA+0)? |log <62d\/ﬁ(3\/X+ J))

V(Ag + ap)
The proof of Theorem 1 is finished. O




D Proof of Theorem 2

Similar to the proof of Theorem 1, we can decompose the regret into two case. Let 7r C [T'] denote the set of rounds in which
the algorithm plays an arm returned by SELECTARM, and let 7£ = [T] \ 77 be the rounds where the algorithm falls back to
the baseline action x;, due to the safety constraint. Then, for any objective ¢ € [m], we decompose the regret as:

R(T)= Y (&f 2,000+ Y (& —((1—p1)wy, +piG),0L)

t€Tr+1 t€TF
= Z <as>tk _wt70i>+ Z <w: — Lo, +p1(wbt _Ct)70i>
teTri1 t€TF
<Y (@ — @, 0L +nr - (Au+ pi(pu+ B)),
teTr Ri(TE)
RY(Tr)
where ny := |Tf| is the number of conservative rounds, A, is the maximum suboptimality gap, and p,, is the maximum

expected rewards of baseline arms as we given in Assumption 3.
Bounding the Optimistic Rounds R*(77). We begin by presenting a lemma that establishes the confidence region for all
estimators i € [m].

Lemma 6. With probability at least 1 — §, for any i € [m| and t € [T},

16; — 0%lv, < ct = U\/dlog <mT(1 + (- 1>/>‘)> + VB,

4]

.. . dmT
16i — Billv, < B = cr- zdlog(gm )

Proof. For a fixed objective ¢ € [m], Lemma 1 of Abeille and Lazaric [2017] guarantees that, with probability at least 1 — 9,

for any round ¢t € [T,
Ai ; TA+(t-1)/A
16; — 6 v, < a\/cnog (PG 4 Vi

)
[ N 8dT
165~ Bilv, < - [2at0 (50,
Applying a union bound over all i € [m] and replacing ¢ with §/m finish the proof of Lemma 6. ]

Based on this, the posterior rewards can be bounded as follows.
Lemma 7. With probability at least 1 — 6, for any i € [m] and t € [T,

(6% — 63, )| < (et + Br) - 1]y -
Proof. We first reformulate the expected reward as follows,
(6L, @) = (6% — 6}, ) + (0] — 6}, ) + (0], @).
Applying the Cauchy-Schwarz inequality [Aldaz ef al., 2015] shows that
(0L, 2) — (0], 2) < [|0L = Of|lv,[|zly+ + 0] — O;llv, [l -
According to Lemma 6, the inequality can be further relaxed to:
(6%, @) — (0}, x) < (co+Be) - [y
A similar discussion derives that
(6], 2) = (6] — 6, 2) + (6, — 6., 2) + (6., 2)
< 6; — Billv, llzlly 1 + 116} — 61y, |y + (67, )
< (ct+Bt)- ||5'3||v;1 + <0§<7m>'

Thus, the proof of Lemma 7 is complete. |



Using Lemmas 6 and 7, we can adapt the results of Lemmas 2, 3, 4 and 5 by replacing ¢; with ¢; + 8; and construct the
counterparts for Algorithm 4. Thus, as in the proof of Theorem 1, the regret over optimistic rounds is bounded by

R(Tr) <41 +w+ -+ w") - (er + Br) - (\/T+ 1Olog(T)\/d7) :

Bounding the Conservative Rounds R?(75). To control the conservative term, we borrow the idea from the stage-wise
conservative bandit literature. Precisely, Theorem 3.3 of Moradipari et al. [2020] states that if A > 1 and 8¢ € C; for all
i € [m]and t > 1, then

2¢erd > onp2dt md 2h1crd?+/8log(md/9)
ny < 7 log | — <
p1(A¢ + apy) d p1(Ar + app)

P1
where by = 2p1(1 — p1) + 2%’% and p; = (Biim ).

Conclusion. Based on the upper bounds on R'(77) and R*(7F), we can conclude that the regret of Algorithm 4 is

R(T) <4(l4+w+---+w' ") (cr + fBr) - (\/T + 1010g(T)\/dT>
+nr(Ay + p1(te + B))
= OW' (w)d®*VT +d® - o™ 1).
The proof of Theorem 2 is finished. O
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