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Abstract

This paper studies a multiobjective bandit problem under lexicographic ordering, wherein
the learner aims to maximize m objectives, each with different levels of importance. First,
we introduce the local trade-off, A,, which depicts the trade-off between different objectives.
For the case when an upper bound of A, is known, i.e., A > A, we develop an algorithm
that achieves a general regret bound of O(A*(\)T(%=+1D/(4242)) for the i-th objective, where
i€ {1,2,....m}, A“(A) = 1+ A+ -+ X1 di is the zooming dimension for the i-th
objective, and T is the time horizon. Next, we provide a matching lower bound for the
lexicographic Lipschitz bandit problem, proving that our algorithm is optimal in terms of
A« and T'. Finally, for the case where m = 2, we remove the dependence on the knowledge
about M., albeit at the cost of increasing the regret bound to O(A?(\,)T(3d=+4)/(3d:+6)),
which remains optimal in terms of .. Compared to existing work on lexicographic multi-
armed bandits (Hiiylik and Tekin, 2021), our approach improves the current regret bound
of O(T?/3) and extends the number of arms to infinity. Numerical experiments confirm the
effectiveness of our algorithms.

Keywords: Multiobjective Online Learning, Lipschitz Bandits, Lexicographic Order

1 Introduction

Online learning with bandit feedback provides a powerful paradigm for modeling sequential
decision-making cases (Robbins, 1952), such as clinical trials (Villar et al., 2015), news
recommendation (Li et al., 2010), and website optimization (White, 2012). The fundamental
model of this paradigm is multi-armed bandits (MAB), where a learner repeatedly selects
one arm from K available arms and receives a stochastic payoff drawn from an unknown
distribution associated with the chosen arm (Bubeck et al., 2015; Luo et al., 2018; Zhou
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et al., 2019; Xue et al., 2020; Zhu and Mineiro, 2022; Qin et al., 2023; Gou et al., 2023).
The goal of learner is to minimize regret, defined as the cumulative difference between the
expected payoff of the selected arm and that of the inherently best arm. To achieve this
goal, the learner must strike a balance between exploration and exploitation, attempting
potentially better arms while concurrently employing the best arm identified so far.

Although MAB is powerful, many real-world applications involve multiple and poten-
tially conflicting objectives, such as the Click-Through Rate (CTR) and the Post-Click
Conversion Rate (CVR) in advertising recommendation systems (Ma et al., 2018). This
has led to the study of multiobjective multi-armed bandits (MOMAB), in which payoffs are
vectors containing multiple elements, and the learner aims to simultaneously minimize the
regret for all objectives (Drugan and Nowe, 2013). A commonly used criterion for evaluat-
ing the performance of MOMARB is Pareto regret, which regards all objectives as equivalent
(Van Moffaert et al., 2014; Q. Yahyaa et al., 2014; Turgay et al., 2018; Lu et al., 2019b;
Xu and Klabjan, 2023). However, some scenarios may require varying levels of importance
among objectives, such as radiation treatment for cancer patients, where the primary ob-
jective is target coverage and the secondary objective is the therapy’s proximity to organs
at risk (Jee et al., 2007). Similarly, water resource planning legally mandates the prioriti-
zation of objectives such as flood protection, supply shortage for irrigation, and electricity
generation (Weber et al., 2002).

To address these real-world applications, a natural idea is to adopt lexicographic or-
dering, which ranks objectives according to their importance (Ehrgott, 2005; Wray and
Zilberstein, 2015; Wray et al., 2015; Hiyiik and Tekin, 2021; Hosseini et al., 2021; Skalse
et al., 2022; Cheng et al., 2024). Precisely, let X represent an arm space, and the expected
payoffs for a,b € X are [u'(a), u%(a),...,u"™(a)] € R™ and [p(b), u2(b),..., ™ (b)] € R™,
respectively. The arm a is said to lexicographically dominate arm b if and only if
pl(a) > pt(b), or there exists an i* € {2,3,...,m}, such that p'(a) = pf(b) for 1 <i <i*—1
and ' (a) > p' (b). The lexicographically optimal arm is the one that is not lexico-
graphically dominated by any other arms (Hiiylik and Tekin, 2021).

The only existing work for lexicographic multiobjective bandits is specifically designed
for the MOMAB model (Hiiyiik and Tekin, 2021), whose arm set is finite, i.e., X = [K]L.
Let x, denote the lexicographically optimal arm among X and x; be the arm chosen at ¢-th
epoch. Hiiyiik and Tekin (2021) defined a priority-based regret to evaluate the performance
of their algorithm, given by

T
R(T) = (W' () — ' (e)) (A (1)), i € [m]. (1)

t=1

Here, I(-) is the indicator function. A*(z;) denotes the event that the previous i —1 expected
payoffs of the chosen arm are optimal, i.e., A’(z;) = { (x.)—p? () = 0, € [i—1]}. Hiiyiik
and Tekin (2021) proposed an algorithm with a priority-based regret bound of O((KT)%/?).

There are two points for improvement in the existing algorithm (Hiiyiik and Tekin, 2021).
a) Its regret bound O((KT)?/3) is suboptimal in its dependence on T' when reduced to a
single objective, as it fails to match the lower bound (K logT") for single objective MAB
(Lai and Robbins, 1985). b) The regret metric in (1) is inaccurate due to the indicator

1. For any positive integer n € Ny, [n] denotes the set {1,2,...,n}.
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function I(-). Specifically, for the i-th objective, if any prior objective j € [i — 1] has
suboptimal expected payoff for the chosen arm z; (i.e., p’(z.) # p/(x4)), the indicator
function I(A%(x)) = 0, and the instantaneous regret u(z,) — u'(z¢) is not accumulated to
the total regret.

Additionally, the MOMAB framework suffers from two inherent constraints: c) Its nu-
merical arm representation (1,2,---, K) cannot incorporate contextual features critical to
real-world applications. For example, in news recommendation systems (Li et al., 2010),
arms correspond to articles characterized by attributes such as category, length, and author.
These features can be effectively incorporated through vector-based arm representations in
Lipschitz bandits (Wang et al., 2020; Kang et al., 2023; Feng et al., 2022) or contextual
bandits (Xue et al., 2023; Wan et al., 2024; Zhang et al., 2024; Yang et al., 2025), but
are disregarded in MOMAB. d) Many decision-making problems involve continuous pa-
rameters (e.g., hyperparameter tuning (Li et al., 2018), robotic control (Xu et al., 2023)),
requiring infinite arm sets. While MOMARB is restricted to finite arms and its regret bound
O((KT)?/3) fails for large or infinite K, Lipschitz bandits exploit metric space smoothness
to generalize insights across arms, enabling infinite arm handling.

To address these issues, we propose a multiobjective Lipschitz bandits (MOLB) frame-
work where the arm set X is a metric space and the expected payoff functions satisfy the
Lipschitz property (Turgay et al., 2018; Wanigasekara and Yu, 2019; Podimata and Slivkins,
2021), such that

' (@) — p'(a")] < D(x,2'),Va,2’ € X,i € [m] (2)

where D(-,) is the distance function on metric space X. Without loss of generality, we
assume the diameter of X' is smaller than 1, i.e., D(z,2') < 1,Vz,2’ € X. To eliminate
the indicator function in the metric (1), we introduce a new parameter called the local
trade-off, defined as

A« = min {)\ >0 ’ pi(z) — pt(z) < A -j]g{lﬁ(l]{uj(a:*) — 1/ (x)},Vi € [m],Vz € X} . (3)

Here, we discuss this parameter from two perspectives. i) Existence of \.: In finite-
armed MOMAB, A, is finite and well-defined. For each objective i € [m| and arm = € X,
the inequality p’(z) — p'(2+) < A~ maxjep_1{p’ (x+) — p/ ()} imposes an upper bound on
As. Since both the number of objectives m and arms X are finite in the MOMAB model, the
set of such bounds is finite. Consequently, A\, exists as the supremum of these bounds. In
Lipschitz bandits with infinite arms, A, may diverge to infinity. Consider a scenario where
p(z.) = [1,1], and for every n € Z, there exists an arm z, € X with pu(z,) = [1 — 1,2].
Here, the trade-off ratio for the second objective becomes

P =) 21
pi@) i@~ 1-(1-1)

=n.

To satisfy Eq. (3), A must exceed n for all n € Z, implying A\, = +o00. ii) Relationship
to Existing Concepts: A, aligns conceptually with the established concept called global
trade-off in multiobjective optimization (Miettinen, 1999, Definition 2.8.5). In the context
of lexicographic bandits, A\, characterizes the trade-offs across the Pareto front. A detailed
discussion of the connection between A, and global trade-offs, A\, and the structure of the
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Pareto front, A\, and Lipschitz constant are provided in Section 8. Additionally, Section 3.3
reviews the related work on trade-off concepts in multiobjective optimization.

To the best of our knowledge, this work is the first to explore the MOLB model under lex-
icographic ordering. We extend the metric of lexicographic bandits from the priority-based
regret (1) to the general regret (4), which allows independent evaluation of performance
on each objective by removing the indicator function of (1). We propose two parameter-
dependent algorithms, SDLO and ADLO, for lexicographic MOLB. These algorithms take a
trade-off parameter A > A, as input. When applied to the lexicographic MOMAB problem,
SDLO and ADLO achieve regret bounds of O(A(A)V/KT) for the i-th objective, where
i€ [m], A'(A) =1+ X+---+ X1 Notably, both SDLO and ADLO improve upon the ex-
isting regret bound of O((KT)%/?) in terms of K and T (Hiiyiik and Tekin, 2021). The key
innovation of SDLO and ADLO lies in their multi-stage decision-making approach, which
makes a delicate balance between exploration and exploitation. Furthermore, we derive
a matching lower bound to demonstrate that our algorithm ADLO achieves the optimal
regret bound. Finally, we develop a parameter-free algorithm UCB-ADLO, which removes
the requirement about the knowledge of A, in the case where m = 2. UCB-ADLO takes
the ADLO algorithm as its base-learner for arm selection, and on top of that it employs a
meta-algorithm to select the input trade-off parameter A from a pool of candidates. The
main contributions of this work are summarized as follows:

e We adopt the general regret as the metric for lexicographic bandit algorithms, which
is

RUT) = Tp'(x) = Y ' (), i € [m]. (4)
t=1

e Equipped with a trade-off parameter A > A, we develop a parameter-dependent
algorithm that achieves a regret bound of O(A?(A\)T(4=+1/(4=+2)) for the i-th objective,
where i € [m], A(A\) =1+ A+---+ A1 and d’ is the zooming dimension of the i-th
objective (to be defined in the following section).

e We establish a lower bound for the lexicographic MOLB problem, which indicates
that our parameter-dependent algorithm is optimal in terms of A, and T'.

e For the case m = 2, we develop a parameter-free algorithm, which does not require
the prior knowledge about )\, but its regret bound is O(Ai()\*)T(3dlz+4)/ (3‘12*6)).

An earlier conference version of this paper was presented at the 38th Annual AAAI
Conference on Artificial Intelligence in 2024 (Xue et al., 2024). In this extended version,
we have enriched the contributions and refined the presentation. First, we provide a formal
definition of the local trade-off parameter A, in Eq. (3). Additionally, we add Section 3.3 to
discuss related works on trade-offs in multiobjective optimization and Section 8 to provide
further insights on A.. Second, we simplify the filtering operation in Steps 8 and 9 of
Algorithms 2 and 4 by replacing the upper confidence bounds with mean payoffs, thus
reducing the number of additions. Correspondingly, the theoretical analysis related to the
filtering operations has been revised. Third, to demonstrate the importance of the newly
proposed parameter A, we include a matching lower bound for lexicographic MOLB. In
addition, we develop a parameter-free algorithm for the case m = 2, eliminating the need
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for prior knowledge about A.. Finally, we conduct additional experiments, including new
results for parameter-dependent algorithms with varying input parameters A > A, and for
parameter-free algorithms with different local trade-offs A,. The former aims to explore
the performance of parameter-dependent algorithms when players have varying degrees of
estimation of A, and the latter examines the performance of the parameter-free algorithm
for different lexicographic bandit problems.

2 Preliminaries

In this section, we first present the learning setting of MOLB, and then introduce two
necessary concepts in Lipschitz bandits, covering dimension and zooming dimension.

2.1 Learning Setting

MOLB is a T-round decision-making system indexed by t € [T]. At each epoch ¢, the
learner selects an arm z; from the metric space X' and receives a stochastic payoff vector
[yt 2, ...,y € R™, where yi is the payoff of the i-th objective and m is the number of
objectives. The payoffs are conditionally 1-sub-Gaussian, such that

B {ea@;m(m)‘ ].—t_l} < VaeR (5)

where pif (z¢) denotes the i-th expected payoff of arm x; , i € [m], and Fy_1 = {1, 22,..., 7 }U
{yt,vd, oyt JU- - U{y™, yB, ...,y } is a o-filtration (Auer, 2002; Bubeck et al., 2011b;
Abbasi-yadkori et al., 2011; Shao et al., 2018).

2.2 Covering Dimension and Zooming Dimension

Let B(z,r) denote the ball with center z € X and radius r > 0, such that B(z,r) = {z €
X|D(z,x) < r}. The r-covering number of X" is the minimal number of balls with radius
r to cover X, i.e.,

Ne(r)=min{n € N[ X C UpejB(Zp, 1)} (6)

Based on the covering number, the covering dimension of X is defined as
dczmin{dz()]E|C>O,Nc(r)§0r_d,Vr>0}. (7)

We present two specific examples to help with the understanding of covering dimension.
One is the unit ball in d-dimensional Euclidean space, whose covering dimension is d and
C = 1. Another example is any set containing finite elements, i.e., |X'| = K, whose covering
dimension is 0 and C = K.

The covering dimension does not account for the structure of expected payoff functions,
thus failing to reflect the complexity of a Lipschitz bandit problem accurately. To illustrate
this issue, we provide a simple example. Suppose the arm space is X C R? with a Euclidean
metric, and the expected functions are u'(x) = x1,i € [m] for all x € X. Here, 1 denotes
the first element of vector x. In this case, no matter how large the covering dimension d is,
the complexity of identifying the optimal arm remains the same.
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To deal with this issue, another concept termed zooming dimension was proposed (Klein-
berg et al., 2008). In this paper, we extend this concept to multiobjective setting. First,
we define the r-optimal region for the i-th objective as

A(N)r
2

X ={oe X' <) = o) < A OVr ®)
where A%(A) = 1+ A+ -+ X7! for a fixed constant A > A\, and r > 0. Then, similar to

the r-covering number, the r-zooming number can be defined as the minimal number of
balls with radius /96 to cover X*(r), denoted by Ni(r), i.e.,

Ni(r)=min{n € N | X(r) C UyepuB(Zk,7/96)} . (9)
Now, we are ready to define the zooming dimension for the i-th objective, which is
d. =min{d > 0|3 Z; >0,Ni(r) < Zz~% ¥r > 0}. (10)

Compared with the zooming dimension of single objective Lipschitz bandits (Kleinberg
et al., 2008), the only difference is the adoption of the constant A*(\) in Eq. (8), which is
due to technical reasons (see Section 4.2.2) and does not constitute an essential different,
as r can approach zero arbitrarily closely.

3 Related Work

In this section, we give a brief review of the research for Lipschitz bandits, multiobjective
bandits and trade-offs in multiobjective optimization.

3.1 Lipschitz Bandits

Plenties of work on Lipschitz bandits have been conducted in recent years, and most of them
employ two basic techniques: static discretization (Agrawal, 1995; Kleinberg, 2004; Auer
et al., 2007; Magureanu et al., 2014) and adaptive discretization (Kleinberg et al., 2008;
Bubeck et al., 2008, 2011a; Lu et al., 2019a; Wang et al., 2020; Feng et al., 2022; Kang
et al., 2023). Static discretization involves dividing the arm space into a uniform mesh
and directly applying MAB algorithms, such as UCB (Auer, 2002), to the mesh regions.
The seminal work of Agrawal (1995) investigated a specific case called continuum-armed
bandits, wherein the arm set is a compact interval (i.e., X € [0,1]). Building upon this
research, Kleinberg (2004) proposed a near-optimal algorithm with a bound of O(72/3)
and established a matching lower bound. Subsequently, Auer et al. (2007) improved this
result by achieving a regret bound of O(v/T) under some mild assumptions such that the
smoothness of the payoff function is required only at its maxima and that the maxima do
not have strong competitors.

Adaptive discretization dynamically discretizes the arm space according to observed
payoffs, allocating more trials to promising regions. This technique was first proposed
by Kleinberg et al. (2008), who extended the arm set into a general metric space and
introduced the zooming algorithm, achieving a regret bound of O(T(dz+1)/ (dz”)), where d,
represents the zooming dimension of the expected payoff function. Furthermore, Kleinberg
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et al. (2008) provided a matching lower bound of Q(T(%=+1/(d=+2)) = A subsequent work of
Bubeck et al. (2011a) relaxed the Lipschitz assumption to a locally Lipschitz condition and
proposed a tree-based algorithm that attains a regret bound of O(T(d2+1)/ (dﬁz)). Wang
et al. (2020) connected tree-based methods with Gaussian processes, developing a new
analytical framework. In addition, research has advanced Lipschitz bandits into various
directions, such as taxonomy bandits (Slivkins, 2011), contextual Lipschitz bandits (Aleks
and rs Slivkins, 2014), Lipschitz bandits with batched feedback (Feng et al., 2022), and
Lipschitz bandits with adversarial corruptions (Kang et al., 2023).

3.2 Multiobjective Banidts

Drugan and Nowe (2013) initially formalized the MOMAB model and introduced two algo-
rithms enjoying the bounds O(K logT') under the metrics of scalarized regret and Pareto
regret, respectively. Scalarized regret refers to the weighted sum of all objectives’ regret,
while Pareto regret measures the cumulative Pareto distance between the obtained payoff
vectors and the Pareto optimal payoff vector. Turgay et al. (2018) studied the multiob-
jective contextual bandit model and proposed a zooming-based algorithm that achieves a
Pareto regret bound of 5(T (dp+1)/ (dp+2)), where d), represents the Pareto zooming dimen-
sion. Subsequently, Lu et al. (2019b) investigated a parameterized bandit model called
multiobjective generalized linear bandits and established a regret bound of O(d\/T ), where
d is the dimension of arm vectors. Another line of research focuses on analyzing the cost of
identifying the Pareto optimal arms, known as Pareto Set Identification (PSI) (Auer et al.,
2016; Kone et al., 2023, 2024). Auer et al. (2016) introduced key concepts and proposed
the first algorithm for PSI. Following this, Kone et al. (2023) addressed different relaxations
of the PSI problem and slightly reduced the number of trials needed to identify the Pareto
optimal arms. crepon et al. (2024) provided a minimax-type bound on the number of trials
required to identify the Pareto optimal arms. Kone et al. (2024) studied the PSI problem
under a fixed budget setting, providing an upper bound on the error probability of identi-
fying all Pareto optimal arms. Zhong et al. (2023) designed an adaptive algorithm capable
of balancing the trade-off between regret minimization and best arm identification.

In the literature of lexicographic multiobjective bandits, Tekin and Turgay (2018) ini-
tially examined contextual bandits with two objectives, achieving a general regret bound
of O(T(4+2)/(dp+3)) " Later, Hiiyitk and Tekin (2021) extended the objectives beyond two
in the lexicographic MOMAB model, proposing an algorithm enjoying a regret bound of
O((KT)?3). However, this bound is suboptimal as existing single objective MAB algo-
rithms attain a regret bound of O(K logT') (Lai and Robbins, 1985). Our paper aims to
enhance the results of Hiiyiik and Tekin (2021). To facilitate the understanding of our im-
provements, we briefly introduce the decision-making strategy of Hiiyiik and Tekin (2021)’s
algorithm, PF-LEX. The fundamental framework to settle the bandit problem is the upper
confidence bound (UCB), which first constructs confidence intervals for all arms’ expected
payoffs, and then selects the arm with the highest upper confidence bound (Lattimore and
Szepesvéri, 2020). When adapting UCB to the multiobjective bandit context, the main
modification is considering all objectives in the arm selection process. Let ¢;(a) denote the
confidence term of arm a € [m] at round ¢. PF-LEX considers two cases for arm selection.
If some arm a; € [K] satisfies ¢;(a;) > € for a given criterion € > 0, PF-LEX chooses this
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arm a;. Otherwise, if ¢;(a) < € for all arms a € [K], PF-LEX filters promising arms based
on the confidence intervals sequentially, ranging from the first to the m-th objective, and
ultimately selects an arm in the m-th filtered arm set. PF-LEX consumes numerous trials
in the case ¢¢(a;) > €, which is a pure exploration scenario and leads to suboptimal regret.
Therefore, we propose avoiding the pure exploration case by dividing the decision-making
process into multiple stages. Concurrently with our work, the lexicographic bandit problem
has also been investigated under adversarial corruption (Xue et al., 2025a) and within the
linear model setting (Xue et al., 2025b). In contrast, our work is the first to introduce a
parameter-free algorithm and a lower bound for the lexicographic bandit problem.

3.3 Trade-offs in Multiobjective Optimization

In the literature on multiobjective optimization, characterizing the trade-offs among ob-
jectives is a widely used concept across diverse applications (Athanassopoulos and Podi-
novski, 1997; Podinovski, 1999; Keeney, 2002; Nowak and Trzaskalik, 2022). The idea of
“global trade-off” formalizes this concept by expressing how much one criterion improves
when another is reduced by a unit during a transition between all decisions (Miettinen,
1999; Kaliszewski and Michalowski, 1999; Kaliszewski, 2000). A related interpretation is
provided by Keeney (2002), who defines “value trade-offs” as the willingness to give up
performance on one objective for gains in another, while Ruiz et al. (2019) emphasizes
that such trading-off reflects the unavoidable deterioration of one criterion when trying to
improve another. These notions have also been applied to the design of decision-support
systems (Podinovski, 1999). In our formulation, the trade-off factor A\, plays a similar role:
it specifies the amount of improvement in the i-th objective that can be obtained per unit
sacrifice in the preceding ¢ — 1 objectives when moving from the lexicographic optimal arm
T4 to other sub-optimal arms.

4 Parameter-dependent Lexicographic Lipschitz Bandits

In this section, we present two parameter-dependent algorithms for lexicographic Lipschitz
bandits along with their theoretical guarantees.

4.1 Algorithms

We first introduce an algorithm based on static discretization, which is easy to understand
but needs an oracle. Subsequently, we employ adaptive discretization to remove this oracle,
thereby devising an algorithm that approaches optimality.

4.1.1 StaTIiICc METHOD: SDLO

As a warm-up, we propose a simple algorithm called Static Discretization under Lexico-
graphic Ordering (SDLO), which discretizes the arm set X before the game starts.
According to the Lipschitz property of expected payoff functions, knowing the expected
payoff of T € X enables us to estimate the expected payoff of any arm = € B(z,r), i.e.,
|pé(z) — pt(z)| < r,i € [m]. Consequently, a natural strategy for addressing the Lipschitz
bandit problem is to discretize the arm space X into a collection of small balls and identify
the best one. Given the radius r, using fewer balls to cover the arm space simplifies the task
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Algorithm 1 Static Discretization under Lexicographic Ordering (SDLO)

Input: confidence parameter ¢ € (0, 1), query radius r > 0, trade-off parameter A\ > \,
1: Query the oracle with r to obtain the static arm set A = {Zy,.. -ach(r)} satisfying
X C UreN,(r) BTk 1)

2: Initialize 4'(x) = 0,7 € [m] for z € A

3: Initialize r(z) = 400 and n(x) =0 for z € A

4: for t=1,2,...,7T do

5. Run Algorithm 2 to select an arm z; = MSDM-SD (r, AR (), r(:c)}fé?)
6:  Play the arm x; and receive the payoff [y}, v2, ...,y

7. Update fi*(z4),i € [m] and n(z;) according to (14)

8:  Compute r(z;) according to (15)

9: end for

of identifying the optimal ball. Thus, covering X with N.(r) balls is the best choice, as N.(r)
is the minimum number of balls with radius r needed to cover X. However, constructing
this minimal coverage is challenging due to the potentially intricate structure of X'. Hence,
we assume there exists an oracle that takes radius r as input and outputs the minimal arm
set A = {Z1,%2,...,Tn, ()} satisfying

xc |J B@pn). (11)
KENe(r)]

Note that for any x € X, there always exists an arm 7y € A satisfying D(z, Zx) < r, which
reduces our MOLB problem to a MOMAB problem with N, (r) arms.

Similar to existing MAB algorithms (Auer, 2002; Yu et al., 2018), SDLO initializes the
mean payoffs {i!(x), 4%(x),..., 4™ (x)} and the counter n(zx) to zero for all z € A, where
n(x) counts the times arm z is played. Meanwhile, the confidence term r(x) is initialized
to infinity. These terms will be updated with new trial data as learning goes, whose details
are given in Eq. (14) and Eq. (15). Equipped with the mean payoffs and confidence terms,
SDLO is ready to make a decision. At each epoch ¢, SDLO employs a novel decision-making
method to select an arm x; from A, whose details are outlined in Algorithm 2, referred to
as Multi-stage Decision-Making under Static Discretization (MSDM-SD).

Starting with the initialized arm set A; = A and stage index s = 1, MSDM-SD enters a
loop that continues until an arm is chosen. In each stage s, MSDM-SD first checks if there
exists an arm z; € As whose confidence term r(x;) is greater than 275 If such an arm
exists, MSDM-SD chooses this arm x;. If no arm in As; meets this criterion, MSDM-SD
proceeds to an inner loop containing m iterations, which sequentially filters promising arms
from the first objective to the m-th objective. The initialized arm set for the inner loop is
A% = A,. For the i-th objective, MSDM-SD first selects the arm #¢ with the highest mean
payoff from the previously filtered arm set AL i.e.,

&= argmax it (z). (12)
ze Ay

Then MSDM-SD updates the arm set A%~ to A% by keeping the promising arms, such that
AL ={r e AT | pi(x) > ' @) — A+ 20+ -+ 227 (r+2-27%}. (13)
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Algorithm 2 Multi-stage Decision-Making under Static Discretization (MSDM-SD)

Input: query radius r > 0, trade-off parameter A > )., mean payoffs /i’(x) and confidence
terms r(x) for all i € [m] and z € A
1: Initialize s=1and A = A
2: repeat
3. if r(xy) > 27° for some x; € A; then

B = argmax, . 4i-1 i ()

Al ={z e AT | pi(x) > p' (@) — (L4+ 22+ -+ 207 H) - (r+2-279)}
10: end for

11: Update Agy1 = A and s =s+1

12:  end if

13: until an arm x; is chosen

14: Return the chosen arm x;

4: Choose this arm x;

5: else

6: Initialize the arm set A% = Aj
7 fori=1,2,...,m do

8:

9:

After filtering on the last objective, MSDM-SD sets the arm set Agy; = A7* and proceeds
to the next stage s = s + 1. According to Eq. (15), r(x) > 1//T for all 2 € A, MSDM-SD
will return an arm z; to SDLO before s = logy(T').

Once SDLO plays the arm z; and receives payoff vector [y}, yZ, ..., y/"], it updates the
mean payoffs ji‘(z),i € [m] and counter n(z;) as follows:

)= MEIAE) T Y oy ) 1 (14)

~i
x
(e n(xy) + 1

Meanwhile, SDLO updates the confidence term of the chosen arm x; as

r(xy) = Va(zy) /n(zy). (15)

Here, a(x;) = 41n (4mN.(r)n(z;)/d) and J is an input confidence parameter. The following
theorem provides a theoretical guarantee for the SDLO algorithm.

Theorem 1 Suppose that (2) and (5) hold. If SDLO is run with r > 0 and A > A\, then
with probability at least 1 — ¢, the regret of SDLO can be bounded as

RI(T) < 2A°()) - (rT + 8\/aTNC(r)T) i € [m]
where A“(A) =1+ X+ -+ X71 and ar = 41n (mN.(r)T/6).

Remark 1 Theorem 1 states that for any objective i € [m], SDLO achieves a regret bound
of O (Ai()\)(rT + NC(T)T)). When the arms are finite, i.e., |[X| = K, it follows that the

query radius r = 0 and N(r) = K. Thus, SDLO attains a regret bound of O(A(NVKT) for
lexicographic MOMAB, which improves the existing regret bound of O((KT)?/) achieved

10
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by PF-LEX (Hiiyiik and Tekin, 2021). Furthermore, the regret bound of SDLO is based
on the general regret Eq. (4), which allows independent evaluation of performance on each
objective by removing the indicator function in Eq. (1). Nonetheless, these improvements

come with the caveat that SDLO requires the trade-off value A as input, a requirement not
needed by PF-LEX.

Recalling the definition of the covering dimension d. in Eq. (7), N.(r) < Cr~% for some
constant C' > 0. By incorporating this inequality into Theorem 1 and minimizing the regret
with respect to r, we derive a tight bound, as presented below.

Corollary 1 Suppose that (2) and (5) hold. If SDLO is run with r = T %4 and A > A,
then with probability at least 1 — &, the regret of SDLO can be bounded as

14dc

R(T) < 320 (\) - (apC)2 T2 e i € [m).

Theorem 1 and Corollary 1 reveals that the objective index i € [m] and parameter X in
SDLO exhibit an exponential dependence A*(\) = 1+ A + -+ + A" in the regret bound.
This dependence is detrimental for lower-priority objectives when A > 1. To mitigate this
limitation, we provide an improved regret bound in Appendix A, which reduces sensitivity
to the objective index ¢ from exponential to linear under Assumption 1. This improvement
is particularly significant for large-scale or high-dimensional optimization tasks where the
objective trade-off satisfies Assumption 1. Further details are provided in Appendix A.

4.1.2 ApapTivE METHOD: ADLO

Although SDLO is easy to understand, it has two limitations. Firstly, it requires a com-
plicated oracle to discretize the arm space X. Secondly, SDLO fails to match the lower
bound of the single objective Lipschitz bandit problem (Kleinberg et al., 2008), indicating
room for improvement. Therefore, we adopt the adaptive discretization method proposed
by Kleinberg et al. (2008). Our second algorithm, based on adaptive discretization, is called
Adaptive Discretization under Lexicographic Ordering (ADLO). The detailed procedure can
be found in Algorithm 3.

ADLO maintains an adaptive arm set A to construct a collection of balls that cover the
arm space X, and the radius of these balls is the confidence term r(x), which is dynamically
adjusted as the learning goes. To begin with, ADLO initializes the adaptive arms set A
with the empty set @; In each round ¢, if the arm space X is not covered by the set of
balls constructed by A, i.e., X ¢ U _7B(z,7(z)), ADLO selects an arm x randomly from

the uncovered region, adds it to the arm set .Z, and plays this arm. The mean payoffs
{pt(z), p(x),..., 4™ (x)} and the counter n(x) of the new arm x are initialized to zero.
If the arm space is covered, ADLO employs a multi-stage decision-making method called
Multi-Stage Decision-Making under Adaptive Discretization (MSDM-AD) to select the most
promising arm from A

As shown in Algorithm 4, MSDM-AD takes a similar framework to MSDM-SD, which
employs an outer loop to restrict the confidence terms of the arms, and an inner loop to
filter promising arms from the first objective to the m-th objective. Unlike MSDM-SD,
MSDM-AD does not take the query radius r as input, and the candidate arm set A changes

11
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Algorithm 3 Adaptive Discretization under Lexicographic Ordering (ADLO)

Input: confidence parameter 6 € (0, 1), trade-off parameter A > A, time horizon T
1: Initialize A = ()
2: for t=1,2,...,7T do

32 if X ¢ UxGA (z,r(x)) then

4: Pick an arm z randomly from the uncovered region X —U__7B(z,7(z))
5: Update the candidate arm set A = AU {z}

6: Initialize i‘(z) = 0,i € [m] and n(x;) =0

T: Play the arm x; = = and receive the payoff [y}, ..., y/"]

8 else '

9: Run Algorithm 4 to select an arm z; = MSDM-AD ()\, {pi(z), r(x)};ee[}])
10: Play the arm z; and receive the payoff [y}, ..., y/"]

11:  end if

12:  Update i*(2¢),4 € [m] and n(z;) according to (14)
13:  Compute r(x;) according to (18)
14: end for

as ADLO goes, resulting in a different filtering mechanism within the inner loop of MSDM-
AD. Precisely, for the i-th objective, MSDM-AD first selects an arm 2! that maximizes the
mean payoffs, i.e., A
&} = argmax fi'() (16)
ze At
where .Zi_l is the set filtered on the previous i — 1 objectives and ,ZQ = A,. Then, MSDM-
AD eliminates arms from A%~! who are less promising on the i-th objective, i.e.,

&= {oc A

() > (&) — (3+6/\+---+6)\"’1)~2*3}. (17)

After the inner loop ends, MSDM-AD obtains a set .Am containing arms that are promising
for all m objectives. MSDM-AD then passes Am to the next stage s+ 1 as .As+1 A for
a more refined filtration. Similar to MSDM-SD, MSDM-AD chooses an arm x; before the
stage s increases to log(7T).

Upon playing the arm z; and receiving the corresponding payoffs, ADLO proceeds to
update the mean payoffs fi(x) for all i € [m] according to Eq. (14). Note that the confidence
term in SDLO relies on the arm number N.(r). Since ADLO picks at most 7" arms, it
updates the confidence term as follows,

r(ze) = va(e)/n(x) (18)

where a(z;) = 41n(dmTn(z)/9).

There are two main differences between SDLO and ADLO. The first one is how to
construct the candidate arm set. SDLO constructs this set statically at the beginning of the
algorithm by querying an oracle, while ADLO dynamically expands the arm set as learning
progresses. In ADLO, the radius of the circle used to cover the decision set X shrinks
over time, thus more arms need to be introduced. The second difference is the filtering

12
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Algorithm 4 Multi-stage Decision-Making under Adaptive Discretization (MSDM-AD)

Input: trade-off parameter A > )., mean payoffs /i’(x) and confidence terms 7(x) for all
ic[mlandze A
1: Initialize s = 1 and .Zl =A
2: repeat
3 if r(z;) > 27 for some z; € A, then

4: Choose this arm x;

5:  else B B

6: Initialize the arm set A? = Aj

7 for i=1,2,...,mdo

8: B = argmax,  zi-1 it ()

9 Al = {x € A1 | fi(x) > 3i(#) — (34 6A 4 -+ 6N 2—8}
10: end for _ _

11: Update Asy1 = A7 and s = s+ 1

12:  end if

13: until an arm x; is chosen
14: Return the chosen arm x;

mechanism in the decision-making stage. MSDM-SD filters arms by the operation (13),
which relies on the query radius r. In contrast, MSDM-AD employs a filtering mechanism
removing the dependence on r, as demonstrated by Eq. (17). The following theorem provides
a theoretical guarantee for ADLO.

Theorem 2 Suppose that (2) and (5) hold. If ADLO is run with A > ., then with
probability at least 1 — §, the regret of ADLO can be bounded as

R(T)< inf [ A (MreT+11520°(Nar Y Ni(277)-27 | i€ [m]
7‘06(0,1) ) [
J€N727'727"0
where A'(\) =1+ A+ -+ X! and ar = 41n(4mT?/6).

Recalling the definition of zooming dimension d’ in Eq. (10), there exists a constant
Z; > 0 such that Ni(r) < Z;r~% for any r > 0. By applying this inequality to Theorem 2
and minimizing the regret with respect to r¢g € (0,1), we derive a tight bound as follows.

Corollary 2 Suppose that (2) and (5) hold. If ADLO is run with X > M., then with
probability at least 1 — &, the regret of ADLO can be bounded as

1 dl+1

R{(T) < 2304A*(N)ap2%+2 252 a2 i € [m).

Remark 2 Theorem 2 states that for any objective ¢ € [m], ADLO attains a regret
bound of O (Ai()\)T(Hdi)/(“di)). When the arm set is finite, i.e., |X| = K, the zooming

dimension di = 0 and the constant Z; = K. In this case, ADLO achieves a regret bound

13
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of 5(AZ(A)\/ﬁ ) for the lexicographic MOMAB problem, improving on the existing regret
bound of O((KT)2/?) (Hiiyiik and Tekin, 2021). However, similar to SDLO, ADLO requires
access to the trade-off parameter A, which limits its applicability compared to PF-LEX.
If the input trade-off parameter is minimized as A, ADLO achieves a regret bound of
9] (Ai()\*)T(Hdlz)/(QerZz)). In Section 5, we provide a matching lower bound to indicate
that ADLO is optimal with respect to A, and T'.

Similar to SDLO, ADLO also exhibits an exponential dependence A*(\) = 1+ A+ ---+
A=1 in its regret bound. To address this issue, we derive an improved regret bound in
Appendix A, reducing the sensitivity to the objective index i from exponential to linear
under Assumption 1. Additional details can be found in Appendix A.

4.2 Analysis

In this section, we provide the proof of Theorems 1 and 2. The omitted proof of Corollaries 1
and 2 can be found in the Appendixes B and C, respectively.

4.2.1 PROOF OF THEOREM 1

To prove Theorem 1, we begin by presenting three lemmas. The proofs of Lemmas 1 and
3 are detailed in this section, while the proof of Lemma 2 is provided in Appendix D. For
clarity, we employ the notations ji(z), ns(z) and r(z) to represent the value of i*(z), n(x)
and 7(z) at the end of t-th round, respectively.

To begin, we present Lemma 1 to show that mean payoff jil(x) and confidence term
r¢(x) construct a reliable confidence interval for the expected payoff u‘(z).

Lemma 1 With probability at least 1 — 0, for any x € A,

fi(x) = p' ()| < re(w), Vi € [m], ¢ € [T].

Proof. The confidence interval of the single-objective MAB (Abbasi-yadkori et al., 2011,
Lemma 6) states that for a fixed ¢ € [m], with probability at least 1 — §, for any = € A,

fi(z) — p'(2)| < er(x),t € [T]

crlz) = <1+21n (Nc(r) (15+nt(w)>) 1;37(@;()95)

By applying a union bound over the m objectives and replacing 6 with d/m, we have that
with probability at least 1 — 9, for any = € A,

where

fi(x) — 1i(@)] < &x).vi € [m).t € [T]

where

() = <1+2m <mNC(r) 61+nt(x)>> 1+2nt(m).

14
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Finally, we employ the fact 1 < 2In2, /14 ni(z) < 2ny(z) and 1 + ne(x) < 2my(x) to
further simplify ¢ (z) to r¢(x), which is

Tt(x) = \/4 In <4mNc(;“)nt(x)) nttx) .

This concludes the proof of Lemma, 1. [

Next, we introduce Lemma 2 to demonstrate that for any arm x € A, the instantaneous
regret decreases exponentially as the stage of MSDM-SD advances. For i € [m], let Al(z) =
pi(xs) — pi(x), where x, is the lexicographically optimal arm.

Lemma 2 With probability at least 1 — 0, for any x € As,
Al(z) <20 N) - (r4+2-275h) i € [m].

Based on Lemma 2, we can further bound the cumulative regret for any arm z € A by
the following lemma, which illustrates the power of multi-stage decision-making strategy.

Lemma 3 With probability at least 1 — 0, the regret for any x € A can be bounded as

() Al (z) < 2AE(N) - (rnT(x) + 8\/aTnT(x)) i € [m]
where ap = 41n (dmN.(r)T/J).

Proof. For any = € A, if np(x) = 1, Lemma 3 holds trivially. Now, we assume np(z) > 2.
Recalling Step 3 of MSDM-SD, if the last time x is chosen occurs at the sp(x)-th stage
among the total T rounds, we obtain

np(z) —1 < 2°7@ fap(np(z) — 1)
since x is played np(z)—1 times before this round. Due to the fact that 1 < 2s7(2) , / arny(z),

we have
nr(x) < 25T(x)+1\/aTnT(x). (19)

Multiplying nr(z) on both sides of the inequality in Lemma 2 yields
() Al (z) < 2AE(N) - (rnT(x) t2. 2_5T(x)+1nT(x)) . (20)
Replacing the second term on the right-hand side of Eq. (20) by Eq. (19) results in

nr(z)AYx) < 2AY(N) - (rnT(x) + &/W) ,

which concludes the proof of Lemma 3. |
Equipped with the Lemmas 1, 2 and 3, we can now complete the proof of Theorem 1.
For any objective i € [m], its regret can be written as

RUT) =Tyl (w,) = > pl(me) = Y np(a)Al(w).

t=1 €A
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Applying Lemma 3 to above equation, we obtain

RY(T) < Z 20 (N) - (rnT(x) + 8\/aTnT(x)>

zeA

Due to the fact 3 . 4 nr(x) = T and Cauchy-Schwarz inequality?, we obtain that

RI(T) < 2A°()) - (rT + 8\/aT\A\T> = 2A1()) - (rT + 8\/aTNc(r)T) .
This concludes the proof of Theorem 1. |

4.2.2 PROOF OF THEOREM 2

Similar to the proof of Theorem 1, we use the notation jii(x), ni(x), and r¢(x) to represent
the values of fi'(x), n(z), and r(z) at the end of the ¢-th epoch, respectively. Furthermore,
.Zt denotes the adaptive arm set A at the end of the t-th epoch, and .Zm represents the
arm set .Zs in MSDM-AD. To prove Theorem 2, we need to conduct four lemmas first. The
omitted proof of Lemmas 4, 5 and 6 are provided in Appendixes E, F and G, respectively.

To begin, we show that the mean payoffs and confidence terms in ADLO are confident
for the inherent expected payoffs.

Lemma 4 With probability at least 1 — 9, for any x € .Zt,

fi(z) = p'(2)] < mi(x),i € [m],t € [T].
Next, we demonstrate an essential property of the multi-stage decision-making strategy.
Lemma 5 With probability at least 1 — 0, for any s > 1 and x € ./Tts,
A¥(z) < 6AY(N) - 275 i e [m],t € [T].

For any objective i € [m], the suboptimal arms constitute the set A% = {z € Ap | Al(z) >
0}. To proceed with the analysis, we partition the suboptimal arm set .AQ into a set of
disjoint subsets. Specifically, we define

Al = {x e A | AT(N)2777 < Al(z) < Ai(A)T”} ; (21)

thus ./2(1 = UjeN,Zl?. Recall the definitions of r-optimal region in Eq. (8) and zooming

dimension d’ in Eq. (10), we can bound the number of arms in .Z; by the following lemma.

Lemma 6 With probability at least 1 — 9, for any j € N,
A} < Ni(27),i € [m].

In the following, we give Lemma 7 to bound the cumulative regret of any arm in “Z;
The proof of Lemma 7 illustrates the advantage of dividing the decision-making process
into multiple stages.

2. For any sequences {a;}ic(n) C R and {bi}icin) C R, Dor aibi < /> a? />0, b2.
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Lemma 7 With probability at least 1 — 9, for all j € N, the regret for any x € .Z; can be
bounded as

np(x)Al(z) < 11520 (N)ar - 27,i € [m]
where & = 4In(4mT?/6).

Proof. For any z € ﬂ;, if np(x) = 1, Lemma 7 holds trivially. Now, we assume np(z) > 2.
Let s7(x) be the stage index that the last time «x is chosen. Recalling Step 3 of MSDM-AD,
since z is played np(z) — 1 times before this round, we get

nr(z) —1 <270\ /267 (np(x) — 1)

Then, due to the fact that 1 < 2°7(®) /arny(z), we have

np(z) Al (z) < 25T@F /arnp (2) ANz (22)
Taking Lemma 5 into the right-hand side of (22) yields
nr(z)Al(x) < 24N N/ arny(z). (23)

This step reduces the linear term np(z)A?(z) to a sublinear term O(+/ny(z)), which serves
as the crucial function for dividing the decision-making process into multiple stages. Squar-
ing both sides of (23) gives

() A (z) < 5T6(AT(N))2ar/Al(z).

The definition of j; implies that 1/A%(z) < 271 /AY(\) for any = € JZ; Taking it into the
right-hand side of the above equation finishes the proof of Lemma 7. |
Now, we are ready to prove Theorem 2. First, we relax R*(T') by some ro > 0 as follows,

R(T) < N(NroT + Y ny(x ) - I(AY(z) > AY(\)ro).

:t:EAZ

According to JZQ = UjeNj@ and the definition of ﬂ; in Eq. (21), we rewrite the above
equation as

RYT) < N'(\)roT + Z Z nr(x)A'(x

]EN7271 27.0 $EA’;

Based on Lemma 6 and Lemma 7, we can easily obtain

RY(T) < A'(\)roT + 11520 (Nar Y Ni(279) -2/,

JEN,27I>rg

This concludes the proof of Theorem 2. |
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5 Lower Bound

In this section, we provide a lower bound for the lexicographic Lipschitz bandit problem,
which indicates our algorithm ADLO is optimal in terms of A, and T'. First, we introduce
two key quantities. The first one is

R.(T)= inf |roT+InT N.(277) .27 24
(T) o jEszjm (277) (24)

where N.(277) is the 27/-covering number of X, defined precisely in Eq. (6). The second
one is

RY(T)= inf | A(\)roT + A'(O\)InT Ni(273) .97
(T) mg(lo,l) (A)roT + A'(As) In | Z 2(277)
JEN2=I>rg

where i € [m] and N!(277) is the 27/-zooming number for the i-th objective, defined
precisely in Eq. (9).

We formalize the notion of r-packing: A subset S C X is an r-packing of X if the
distance between any two points in S is at least r, i.e., inf, ,c5 D(u,v) > r. The r-packing
number N,(r) is the maximum cardinality of such subsets:

u,ve

Ny(r) = max{|S| ‘ SCXx, iglfSD(u,v) > r}.

Theorem 3 For any bandit algorithm B, there exists at least one problem instance on which
the expected regret of B satisfies

7
plR/(r) > =) e ).
Proof. Following established lower bound techniques (Bubeck and Cesa-Bianchi, 2012;
Aleks and rs Slivkins, 2014; Lu et al., 2019a), we construct a set of problem instances with
distinct lexicographic optimal arms that are statistically indistinguishable. Consequently,
any algorithm B will inevitably select suboptimal arms in at least one instance, thereby
establishing a lower regret bound.

We select a constant R < R.(T). Let 7 = g7tr and N = max{2,|T-7]}. The

67 In
following lemma is proposed to construct the problem instances.

Lemma 8 IfT > 2 and R < R.(T), then 7 < 1/2 and N < N, (7).

Based on Lemma 8, we can find a set of arms U = {uj,...,un} C X such that
inf,; yev D(z,y) > 7. Next, we construct the set of problem instances Z. For a given
problem instance I,, € Z, the expected payoff function of the i-th objective is specified as
follows:?

3. The 1-Lipschitz continuity of Eq. (25) is proved in Appendix K.
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(11 N .
8 m.2m Am()\*) ) = u,
i )3 1 AN - | .
S FRTEr T e oW v =y € [N].j #n.
1 1 A .
max{2 m-om Am(é\*)) i %12[}(#%(“) —D(%U)}, otherwise

\

(25)
The associated payoff distributions are defined by
i () A
; NPT
Pr(y|z) = pp,(ylz) = i (26)
NG
Recall the definition of the r-optimal region X(r) = {x ex ] < Al(z) < AY(X }
For any instance in Z and r > 2 - . W -7, it follows that XZ( ) =10 and Ni(r ) 0.
Recall that 7 = GT%, we have
3 1 oW iy e
! - FT + A'(\)InT Ni(277) -2/
R() 4m2m Am()\)r+ ()Il 321: ) ~z( )
JEN,2~ 21 m-2T R (X, T (27)

- 1 AN(N)R
—12m-2m A\ )InT’

Next, we construct a special problem instance Iy which is similar to the problem in-
stances in Z, but with different optimal arms. In instance Iy, the expected payoff function
of the i-th objective is defined as:

3 1 AT
4 m-2m A™m(\,)

- T, xr =uj,j € [N]

i — , 28
ol a ! ! A'(A) ax pug(u) — D(z,u) otherwise -
max 3 om Am()\) rlglex,uo z,u) |, rwi
The associated payoff distributions are defined by
(@) A\
; OWE
Pr(yle) =iyl =1 (29)
11— 205 gy =
A Y 0

Let the sample space be defined as Q@ = X x {0,A'(\.)/7} x {0,A%2(\.)/F} x -+ X
{0, A™(\,)/7}. For notational clarity, we denote Q! as the ¢-fold product space of ) for any
t > 1. The payoff vector received at the t-th round is denoted by y; = [y}, y?, ..., y"]. For
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any algorithm B executed on problem I, the history trials up to round ¢ are represented
by ht = [(z1,91), - - -, (2, y¢)] € QF, which is a realization of a random variable defined on
the probability space (Q, £, Q7). Here, £ denotes the event space generated by the sample
space !, and QF is the probability measure induced by algorithm B and problem I,,.
Forn=1,2,..., N, define the set S,, = B(uy, 37/8). Since £ is the event space induced
by Qf, the event {x; € S, } belongs to £&. We define the indicator random variable X,,(t) =
I(x¢ € Sp), which is measurable by construction. Let Z,, = Zle X, (t). Since S1,52,...,SNn
are mutually disjoint, it follows that >V Eqo [Z,] < T. Therefore, there must exist
n € [N] such that
Eqo [Z3] < T/N. (30)

Due to the special design of the problems (26) and (29), the similarity between instances
Iy and I can be quantified by the following lemma.

Lemma 9 The Kullback-Leibler divergence from Q% to Q% satisfies K L(Q%, Q%) < 39/200.

With Lemma 9 in hand, we are ready to finish the proof of Theorem 3. Let B denote
the event that Z; < % and ~B be the event that Z; > %. By the Markov’s inequality
(Huber, 2019), we have

Eqo [Z] . _I/N 4

Qr("B) < TT/(4N) — 7TT/(4N) — 7

Therefore, Q% (B) > 3/7. By the Pinsker’s inequality (Tsybakov, 2008), we obtain that

QL (B) > )~ /K L(Q%.Q3)/2 > 1/10,
which implies
= 1 r T
Eni [T —Z5) > QF(BYEya [T — Zz|Bl > — ([T — — | > —.
1T~ 2] = QB By [T - 28] = 4 (T 13 ) > g

For the problem I, whenever the algorithm B plays an arm that is not in Sy, the i-th

objective suffers an instantaneous regret bigger than % . m—lzm : X\;%**)) - 7. Hence, we have
. 1 1 AT
Epn [RY(T)] > = -Epa [T — Zj
BT 2§ gy EaylT —
1 1 AT
O (31)

> . .
=640 m-2m A™()\,)
1 1 A(N) R
3840 m-2m A™m()\,) InT’

Combining Eq. (31) and Eq. (27), we get

i RY(T)
Egy[RI(T)] 2 =557

The proof of Theorem 3 is finished. |
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Algorithm 5 UCB-ADLO

Input: confidence parameter & € (0,1), zooming parameters d. and Zi, time horizon T

. Initialize H = [T%3], K = [logy H] + 1

Set Ay = 281 for k € [K]

for k = 1,2,...,[? do
Restart Algorithm 3 for H rounds with confidence parameter 1/H and trade-off
parameter )\;, and receive the payoffs [y}, y?],t = (k—1)H +1,(k—1)H+2,...,kH
Accumulate payoffs: Y(k) = Zf:(kfl)HH yi for any i = 1,2

6: end for

~ ~ = L it
7. Kl = {k: € [K]‘Yl(K) — Y(k) < 41/In(8K /8) + 4608a 2% +2 75+ Hdl+2 }

8: ki = argmax; .1 Y2 (k)

9: for 7= K,K +1,...,[T/H] do

10:  Restart Algorithm 3 for H rounds with confidence parameter 1/H and trade-off
parameter Ay

11: end for

[y

6 Parameter-free Lexicographic Lipschitz Bandits

Previously, we introduced two lexicographic Lipschitz bandit algorithms, SDLO and ADLO,
both of which require to know an upper bound of the local trade-off parameter \,. This
requirement may limit their applicability when such prior knowledge is unavailable. In
this section, we propose a parameter-free lexicographic Lipschitz bandit algorithm that
removes the need for knowledge of A\, in the two-objective case (m = 2). We also derive a
corresponding regret bound for this new algorithm.

6.1 Algorithm

To eliminate the dependence on \,, we adopt a meta-learning framework widely used in
dynamic online learning (Daniely et al., 2015; Jun et al., 2017b; Zhang et al., 2018; Cheung
et al., 2019; Zhao et al., 2021). Inspired by the Bandits-over-Bandits (BOB) mechanism
(Cheung et al., 2019), we design a UCB-based meta-algorithm that learns A, adaptively.
This approach partitions the T-round learning process into multiple subprocesses, where
each subprocess selects a trade-off parameter A using the UCB strategy (Auer et al., 2002).

Specifically, we take the ADLO algorithm as the base learner for arm selection, while on
top of that a meta-algorithm dynamically adjusts the input parameter A. This parameter-
free algorithm is called UCB-ADLO, and its details are shown in Algorithm 5.

Initially, UCB-ADLO sets the sub-horizon H = |T%/3| and the number of trade-off
parameters K = [logy H] + 1. The candidate trade-off parameters are then defined as

A =281 ke K]

UCB-ADLO treats these candidate parameters as arms in bandit framework, where exe-

cuting ADLO with ), corresponds to “playing arm k € [K]”. Precisely, for each k € [K],
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UCB-ADLO runs ADLO for H rounds using A\; and computes cumulative payoffs:

kxH

Yik)= > wi, i€[m].

t=(k—1)H+1

Since ADLO is a deterministic algorithm, under the trade-off parameter Ay, the expected
payoff for each objective i € [m] lies within the following confidence interval with probability

at least 1 — 4:
[Y"(k) — 2\/In(8K /3), Y (k) + 2\/1n(8l~(/6)] . (32)

By construction, A 72 As. Otherwise, H < A 7 < A« would lead to linear regret in the
second objective, rendering the multi-objective setting meaningless. Thus, Theorem 2 en-
sures that running ADLO with Az achieves the optimal regret bound for the first objective.

Using the confidence interval in Eq. (32), UCB-ADLO filters promising trade-off param-
eters based on their performance on the first objective, such as

~ ~ — 1 dly
Kl = {k € [K]‘Yl(K) — Y'(k) < 4\/In(8K /8) + 4608a 24225 ** H il+2 } .

Lemma 11 ensures that ! contains the optimal parameter k' approximating the local
trade-off A, such that A\p//2 < A < Apr.

Based on this, UCB-ADLO then selects the final trade-off parameter from X! by maxi-
mizing the payoff of the second objective:

kT = argmax Y2(k).
ket

Since k' € K!, the performance of A\, on the second objective is no worse than that of Ay
Given that ;s optimally approximates A, the performance of i+ remains comparable to
.. Finally, in each subsequent iteration 7 = K +1 to [T/H], UCB-ADLO executes ADLO
withA; for H rounds.

The theoretical guarantees for UCB-ADLO are formalized in the following theorem.

Theorem 4 Suppose that (2) and (5) hold. If the objective number m = 2 and A\, > 1,
with probability at least 1 — &, for any objective i € [m], its expected regret of UCB-ADLO
can be bounded as

i
1 3d%+4

E[R/(T)] < KT3 + 161/In(8K /5) - T3 + 36864A%(\, )ay 2% +22 52 Tadi+o

where K = [logy H] +1, A"(\) = 1+ A 4 -~ + X! and ay = 12In(2H).
Remark 3 Theorem 4 states that if m = 2 and A\, > 1, UCB-ADLO attains a regret bound

of 6(Ai()\*)T (3d3+4)/ (?’di%)) for the i-th objective. This bound aligns with our proposed
lower bound Q(R(T)) in terms of A, while requiring no prior knowledge about \,.
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Remark 4 If A\, < 1, then A\, > A\, for all k € [K ] Therefore, we have that K! = [K ] using
a similar argument as in Lemma 11. This implies that the regret of the second objective is
O(A2(\)TBE+4)/(3d2+6)) - Since Theorem 3 gives a lower bound of Q(A2(A,)), the gap for
the second objective is O(1 — \.), as A2(\1) — A2(\) =1 — A,

Remark 5 If the number of arms is finite, i.e., |[X¥| = K, then the zooming dimension
d. =0 and Z; = K for all i € [m]. Consequently, the regret bound of UCB-ADLO reduces
to O(A(A.)K'/2T2/3) for the i-th objective. This improves upon the O(K%3T2/3) bound in
lexicographic MOMAB (Hiiyiik and Tekin, 2021). Moreover, our regret definition (general
regret) is more precise than the priority-based regret used in Hiiyiik and Tekin (2021).

6.2 Analysis

In this section, we provide the proof of Theorem 4. To begin, we first provide the following
two lemmas for the UCB framework.

Lemma 10 With probability at least 1 — 8, for i € [2] and any k € [f(],

Y (k) — E[Y(k)]| < 21/In(8K/5).

Proof. ADLO is a deterministic algorithm, meaning that for a fixed lexicographic bandit
problem with given input parameters 6,7 and A, the expected accumulated payoffs on
executing ADLO is fixed. Therefore, we can take the selection of the trade-off parameters
as a stochastic bandit problem, where [Y!(k),Y?2(k)] represents the payoffs obtained by
choosing Ag. The proof follows the same reasoning as Lemma 1, but with the candidate
arm set [K]. Substituting m, N.(r) and n¢(x) of Lemma 1 with 2, K and 1 concludes the
proof of Lemma 10. u

Lemma 11 Let k' € [I?] the best trade-off parameter approximating the local trade-off A«
such that A\ /2 < A« < M. Then, with probability at least 1 — 8, k' € K1.

Proof. Y!(k') is obtained by running ADLO with with confidence parameter 1/H and
trade-off parameter A\;. Since A\, < A\, according to Corollary 2, we have

dl+1

Hul(z,) — E[Y'(K)] < 4608a 2% 122" +2Hd1+2

where ag = 12In(2H). Due to the fact* that E[Y1(K)] < Hu!(x,), it follows that
. dl+1
E[Y!(K)] - E[Y'(K)] < 4608a,2% 22+ g,
Applying Lemma 10, we have that with probability at least 1 — 4,
dl+1

YHE) = Y(K) < 4\/In(8K/8) + 4608a 2% 2 7, +2Hd1+2

Referring to the Step 7 of UCB-ADLO, we have that with probability at least 1 -9, k' € K.
The proof of Lemma 11 is finished. |

4. This fact does not hold for ¢ > 2, thus UCB-ADLO can only handle the case m = 2.

23



XUE, CHENG, Liu, WANG, ZHANG, AND ZHANG

Lemma 12 Let k' € [I?] the best trade-off parameter to approximate the local trade-off A«
such that A\gr /2 < A < A\pr. With probability at least 1 — §, fori € [2],

d1+1

E[Yl(k;/)] . E[YZ(kT)] < 8\/@"‘ 921604H2d —|—2Zd +2Hd“r2,

Proof. For the first objective, we decompose E[Y1(k")] — E[Y(k")] as follows,

E[Y' (k)] - E[Y' (k)] < Hp' (2.) - E[Y'(K)] + E[Y/(K)] - E[Y (k7). (33)

Yl(I? ) is obtained by running ADLO with with confidence parameter 1/H and trade-off
parameter Az. Since A, < Az, according to Corollary 2, we have

dl+1

Hy'(z,) — E[YY(K)] < 4608024122 +2Hd1+2 (34)

where ay = 12In(2H). Next, Lemma 10 shows that with probability at least 1 — 4,
E[YY(K)] —EY (k"] < YY(K) — Y (k") + 41/In(8K /). (35)

Due to k' € K!, we can further relax Eq. (35) as

dl+1

E[Y!(K)] — E[Y! (k)] < 8\/In(8K/5) + 4608a 2% 2 7, +2Hdl+2. (36)
Taking Eq. (34) and Eq. (36) into Eq. (33), we have
dl+1

E[Y'(K)] - E[Y' (k)] < 8y/In(8K/8) + 9216a 2% 22" +2Hdl+2.
The proof for the first objective is finished. Moving to the second objective, Lemma 10 tells
that
E[Y2(K)] — E[Y2(kD)] < Y2(K') — Y2(k') + 41/In(8K /6). (37)

Meanwhile, Lemma 11 shows that k' € K!. Since k' = argmax;cx1 Y2(k'), it follows that
Y2(k') — Y2(kT) < 0. Therefore, Eq. (37) can be relaxed as

E[Y2(K)] — E[Y%(k")] < 4/In(8K /).

The proof of Lemma 12 is finished. |

We now proceed to finish the proof of Theorem 4. According to the framework of UCB-
ADLO, the total regret decomposes into the individual regret of the base learner ADLO.
For objective i € [m],

[T/H]  tHAT

=Y Y ) Bl @)

=1 t=(r—1)H+1
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In the first K episodes, UCB-ADLO runs ADLO with \; for each k € [K], and then with
At in the remaining episodes. Thus, for objective i € [m],

[T/H]
E[R(T)) < KH+ ) Hp'(e,) = E[Y'(kT)
r=K+1
38
—RH+ S Hp(z,) - BY'(K)] + E[Y'(K)] — B[V (k"))
T:I?—‘rl
According to Corollary 2 and A\ > Ay > A\pr/2, it holds that for objective i € [m],
Hy'(z,) — E[YU(K')] < 9216A"(\)ag2aT2 252 gare, (39)
Lemma 12 implies that for objective i € [m],
, . - ; L i
E[Y'(K)] — E[Y (k)] < 8y/In(8K /) 4 9216a52%= 22> H é+2, (40)

Taking Eq. (39) and Eq. (40) into Eq. (38) shows that for objective i € [m],

dl+1

_1
E[R(T)] < KH + 8\/In(8K /8) - [T/H] + 18432A*(\)ag2%=+2 2" Ha+> . [T/H].

Recalling H = |T%/3], simplifies the above equation to

1 3dL+4

E[R(T)] < KT3 + 161/In(8K /5) - T3 + 36864A%(\,)ay2% 2252 Tadi+s

The proof of Theorem 4 is finished. |

7 Experiments

In this section, we perform numerical experiments to validate the efficacy of our algo-
rithms. Our baselines include PF-LEX (Hiiyiik and Tekin, 2021), a static method tailored
for MOMAB with lexicographic ordering, and the zooming algorithm (Kleinberg et al.,
2008), an adaptive approach optimized for single-objective Lipschitz bandits.

7.1 Parameter-dependent Algorithms

For the parameter-dependent algorithms SDLO and ADLO, we aim to verify two issues
through experiments. Firstly, we assess how much improvement our algorithms achieve
compared to the baselines (Hiiyiik and Tekin, 2021; Kleinberg et al., 2008) when the input
parameter A = \,. Secondly, we explore the performance of our algorithms when the player
has a rough estimation of the trade-off parameter ..

Following the existing experimental setup (Magureanu et al., 2014), we set the arm
space X = [0, 1] with a Euclidean metric on it. The number of objectives is set as m = 3,
and the expected payoff functions are given as u'(z) = 1 — min,e0.1,0.4,0.83 0.5 X |z — pl,
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Figure 1: Comparison of our algorithms versus PF-LEX and zooming method with A = A,.

p?(x) = 1 —mingyego 507y [ —pl and p?(x) = 1 — & — 0.4, where the local trade-off A, = 2.
Note that the optimal arms for the first objective are {0.1,0.4,0.8}, and the optimal arms
for both the first and second objectives are {0.4,0.8}. Thus, all three objectives have to be
considered to determine the lexicographically optimal arm 0.4.

The time horizon T is set to 5 x 10%. According to Corollary 1, the nearly optimal
query parameter r for SDLO is 0.025. Consequently, we construct the static arm set for
SDLO and PF-LEX as A = {0.025 + 0.05 x (k — 1) | £ € [20]}. Meanwhile, PF-LEX
requires a parameter € as input to decide whether to execute exploration or not, we set it to
(|.A|T)*% = 0.01, which is theoretically optimal (Hiiyiik and Tekin, 2021, Theorem 1). The
payoff is obtained by i = u'(x;) + 1, where 7, is drawn from a Gaussian distribution with
mean 0 and variance 0.1. To accelerate the convergence rates, the confidence terms of all
algorithms are scaled by 0.1, following common practice in bandit learning (Chapelle and
Li, 2011; Li et al., 2012; Zhang et al., 2016; Jun et al., 2017a). To reduce randomness, each
algorithm is repeated 10 times, and the average regrets of the first and third objectives are
reported.

Figure 1(a) illustrates the performance of the static methods, PF-LEX and SDLO.
SDLO outperforms PF-LEX in both the first and third objectives. The primary reason
for the poor performance of PF-LEX is its theoretically optimal input parameter ¢ = 0.01,
which allocates all trials to exploration to ensure that the confidence terms of all arms are
smaller than e. Figure 1(b) presents the performance of two adaptive methods: the zooming
algorithm and ADLO. ADLO demonstrates comparable regret to the zooming algorithm
in the first objective but surpasses it in the third objective. This finding confirms the
effectiveness of ADLO in addressing multiobjective problems. The regret curves of ADLO
eventually flatten, indicating that it selects the almost optimal arm when ¢ > 10%.

In the following, we run our algorithms with different input parameters A to explore
how they perform under differing levels of estimation for .. We adopt the lexicographic
MOMAB algorithm PF-LEX as a baseline (Hiiyiik and Tekin, 2021), which does not require
the parameter A as input, instead relying on an exploration parameter €.
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Figure 2: Comparison of our algorithms versus PF-LEX with Different .

Figure 2 presents regret curves for input parameters A € {2,5,10}. In Figure 2(a),
results for A = 2 are shown. Here, SDLO and ADLO exhibit comparable performance on
the first objective, yet ADLO experiences significantly higher regret on the third objective,
contradicting our theoretical guarantees. Specifically, in our experiments, d. = 1 and d’ = 0
for i € [3]. Corollary 1 and Corollary 2 provide regret bounds of O(T2/3) for SDLO and
5(T1/ 2) for ADLO, respectively. However, ADLO suffers a higher regret on the third
objective. This is because the leading constant in Corollary 2 is 2304, which is much larger
than the leading constant 32 of Corollary 1. Notably, the lexicographically optimal arm 0.4
is outside the static arm set .4, resulting in rising regret curves for SDLO.

In Figure 2(b), we displays the regret curves when the input parameter A of SDLO and
ADLO is 5. Comparing Figure 2(a) and Figure 2(b), we observe that for SDLO and ADLO,
the regrets for the first objective almost remain unchanged, while the regrets for the third
objective increase a lot. This observation is consistent with our theoretical guarantees: for
the first objective, A'(\) = 1, which is independent of A, whereas for the third objective,
A3(\) = 14+ A+ 2, which increases with \. Meanwhile, for SDLO and ADLO, the regrets of
the third objective do not converge. This may because a larger A causes SDLO and ADLO
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to retain more arms in A’ and A’ for i € {2,3}, requiring SDLO and ADLO to conduct
more trials to filter out the promising arms for these two objectives. To verify this analysis,
we extended the time horizon to 7' = 5 x 10° in Figure 2(c) and reran SDLO and ADLO
with A = 5. The regret curves of both SDLO and ADLO nearly flatten, indicating that a
larger A increases the number of trials needed to identify the lexicographic optimal arm but
does not render the algorithm ineffective.

In Figure 2(b), regret curves are presented for A = 5. Comparing with Figure 2(a), we
observe consistent regret levels for the first objective in both SDLO and ADLO, while regrets
for the third objective notably increase. This aligns with our theoretical expectations:
AY()\) = 1, which is independent of \, whereas A3(\) = 1+A+A? grows with A\. Furthermore,
the regrets for the third objective in SDLO and ADLO do not converge, possibly due to
a larger \ necessitating more trials to identify promising arms for objectives 2 and 3. To
validate this, we extended the horizon to T = 5 x 10° in Figure 2(c) and re-evaluated SDLO
and ADLO with A = 5, resulting in nearly flat regret curves, indicating that a larger A
increases the number of trials needed to identify the lexicographic optimal arm but does
not render the algorithm ineffective. Finally, we run SDLO and ADLO with the input
parameter A\ = 10 and observe flattened regret curves after ¢ > 3.5 x 109, reinforcing the
conclusion that higher A values do not hinder SDLO and ADLO’s effectiveness.

An interesting phenomenon observed is that PF-LEX appears to incur linear regret. This
behavior arises because PF-LEX eliminates the optimal arm during the filtering process.
Recall that the discretized arm set is defined as A = {0.0254+0.05x (k—1) | k € [20]}, where
the arm 0.375 € A is lexicographically optimal. In this setup, the adjacent arm payoff gaps
are 0.025 for the first objective and 0.05 for the second. Consider the optimal arm 0.375
and a suboptimal arm 0.325:

e Their confidence intervals for the first objective overlap, since u!(0.375) — p!(0.325) =
0.025 < 4e = 0.04, allowing arm 0.325 to survive the first-round filtering.

e However, their intervals for the second objective do not overlap, as u?(0.325) —
©2(0.375) = 0.05 > 4e = 0.04, which results in the elimination of arm 0.375.

As a consequence, the lexicographically optimal arm is removed from the candidate arms,
leading PF-LEX to follow a linear regret curve.

7.2 Parameter-free Algorithms

To verify the effectiveness of the parameter-free algorithm UCB-ADLO, we design multiple
lexicographic bandit problems, whose local trade-off parameters are different, i.e. A, €
{1,2,10,100}. Due to UCB-ADLO can only handle two-objective problems, we set m = 2.
The expected payoff functions are given as p'(z) = 1— Miny,e(0.1,0.43 [ —Pl/ s, pi(z) =1—
| —0.3]. The other experimental settings are consistent with those described in Section 7.1.

Figure 3 displays the regret curves for PF-LEX and UCB-ADLO. In Figure 3(a), with
A« = 1, UCB-ADLO outperforms PF-LEX in both primary and secondary objectives. The
inferior performance of PF-LEX can be attributed to exhausting all trials in ensuring that
the confidence terms for all arms are smaller than e. In contrast to the regret curves of
ADLO shown in Figure 2, those of UCB-ADLO do not flatten. This is due to UCB-ADLO
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Figure 3: Comparison of UCB-ADLO versus PF-LEX with Different A,.

restarting the base-learner ADLO every H = |T 2/ 3] rounds, necessitating that the regret
curves increase every 29,240 rounds.

Moving to Figure 3(b) with A, = 2, two differences from Figure 3(a) emerge. Firstly, the
regret of PF-LEX’s primary objective decreases, owing to u!(z) = 1 —mingpeo.1,0.4 | —p|/ s
The payoff gap between different arms becomes smaller when divided by A, = 2. Secondly,
the regret curve of UCB-ADLO’s secondary objective shows a declining trend, attributable
to UCB-ADLO selecting kT € K! such that Ay < M, leading R?(H) < 0 when running
ADLO with the trade-off parameter A;;. The regret curves in Figure 3(c) and (d) resemble
those in Figure 3(b), with reduced regrets in PF-LEX’s primary objective and accelerated
decline in UCB-ADLO’s secondary objective. Notably, in Figures 3(b), (c), and (d), the
regret for the secondary objective falls significantly below the upper bound constructed in
Theorem 4, suggesting potential for further reduction in UCB-ADLQO’s regret upper bound,
a promising area for future exploration.
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8 Further Discussion

In this section, we discuss the trade-off parameter )\, from four viewpoints: its connection to
the global trade-off, its link with the Pareto front, its relationship to the Lipschitz constants
of reward functions and its role in regret reduction.

8.1 Global Trade-off and A\,

Initially, we present an idea known as global trade-off, frequently employed in the field of
multiple objective optimization (Miettinen, 1999, Definition 2.8.5). For any = € X and
i,j € [m], let Sjj(z) = {2’ € X|W(z) > 1/ (x),p(z') < pi(z)}. The global trade-off
between () and p/(x) is defined as

G i
Aij(z) = max M
' €8;;(w) W (2') — pd ()
If Sij(z) = 0, then \j;j(z) = —oo for i # j.
For a given arm z € X, it holds that pf(2') — p?(z) > 0 for any 2’ € S;j(z), leading to
the inequality ‘ ' ‘ .
i) = p'(@') < Nij(@) - (W (2) = 1 (@)
Recalling the local trade-off A\, in Eq. (3), we have that
p@) = ) < A max (o) = 10 (@)} (41)

jeli—1

Both A;j(x) and A, characterize the balance among different arms concerning various ob-
jectives. Specifically, \;;(z) indicates the balance between arm x and other arms in S;;(x),
while A, represents the balance between arm x and the lexicographically optimal arm x..
Hence, the newly defined parameter A, is called “local trade-off”. In terms of objectives,
Xij(z) denotes the balance between objective ¢ and objective j, whereas A, represents the
balance between objective ¢ and the top ¢ — 1 higher-priority objectives. It is important
to note that A, is bounded by max;~; maxzex Aij(z). Therefore, our parameter-dependent
algorithms SDLO and ADLO are applicable to any multiobjective optimization scenario
that provides insights into the global trade-off, as long as the input parameter \ is set to
max;s; maxXgex Aij ().

8.2 Pareto Front and )\,

Another noteworthy point is that A, depends solely on the Pareto front of the multiobjective
bandit problem. To clarify this, we define the Pareto order and Pareto front (Li et al., 2021).

Let u,v € R™ be two vectors. u is said to Pareto dominate v if and only if Vi € [m],
v’ > vland 3i* € [m],u’ > v". An arm 2 € X is said to be Pareto optimal if and only if
its expected payoff is not dominated by any other arm in X. The expected payoffs of all
Pareto optimal arms form the Pareto front.

If an arm x is not Pareto optimal, there exists a Pareto optimal arm Z such that
Ji € [m], p*(Z) > pi(z) and Vj € [m], /(&) > p’(x). This leads to the conclusion that

() — p () pH(E) — p ()
maxje(j—1) {1/ (z+) — p (v)} = maxje(j—1 {1/ (z+) — 1 (T)} = A
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Figure 4: Ilustration of A,

Consequently, only the Pareto optimal arm # contribute to determining A,. As presented
in Figure 4(a), A\« acts as a parameter describing the relative change of u! and p? on the
Pareto front.

8.3 Lipschitz Constant and )\,

Next, we discuss the relationship between the Lipschitz constant and the local trade-off
parameter A.. We clarify this relationship using the two-objective case, where the local
trade-off is defined as follows:

A« = min {)\ >0 ‘ pP(x) — p?(ze) < X [l (zy) — pt(2)], YV € X}

2 2
. p* (@) — pe(as) } . 1 1
=min{ A >0 ’ = < \,Vzr € X ; (assuming p (zx) > p (x),Vr # z4).
{rzo| Lo ( (@) > ul(a) Vo # 2,
(42)
Cl i (@) —p ()
early, A\, is the smallest upper bound on the ratio W@ —pi) Over all x € &. To
analyze the possible values of A4, it is necessary to derive an upper bound for the numerator
p?(z) — p?(z,) and a lower bound for the denominator p!(z,) — p!(x).
For the upper bound of p?(x) — p?(x.), the Lipschitz property of p?(x) provides a

sufficient condition, given by:
|w?(x) — p?(24)| < Ly - D(w,3.),Yo € X, Ly > 0. (43)
For the lower bound of u!(x,) — u!(z), we consider the Lipschitz property of the inverse
function of p!'(x). Let X = [0,1], and denote the inverse of u'(-) as i'(-). For y, = p'(x,)
and y = p!(z), the Lipschitz property of ji*(-) implies
| (y) = @ (y)| < Ly~ |y = e, Yy € R, Ly > 0.

This leads to the inequality:

D(z,24) < Ly - |p(x) — p'(z4)|, Vo € X, Ly > 0.
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where D(z,7.) = |x — z|. Reformulating this gives the following lower bound for |u!(x) —

iz
1

Ly
Combining the Eq. (43) and Eq. (44), the local trade-off in Eq. (42) can be bounded by:

- D(z,z,) < |pt(x) — pl(z,)],Vz € X, Ly > 0. (44)

A < Ly - Lo.

Therefore, in two-objective case with X = [0,1], if the inverse function of u!(x) satisfies
the Li-Lipschitz condition and u?(z) satisfies the Lo-Lipschitz condition, then the local
trade-off parameter satisfies A, < L - Lo.

Another common source of confusion is whether A, can be simply characterized as
proportional to 1/ mingey pu!(z,) — pt(z). In reality, \. is determined by the maximum
ratio

12 (@) — ()

pt (@) — pt(z)
across all suboptimal arms x € X. Consider a simple two-objective, two-arm example
with expected payoffs (1,0.5) and (0.99,0.51). In this case, u'(zs) — p'(z) = 0.01, so
1/(ut(z4) — pt(x)) = 100, while A\, = 1, highlighting a substantial discrepancy between the
two quantities.

In summary, we can understand A, from three dimensions. First, A is a ratio that
describes the trade-offs among different objectives, and its value is smaller than the global
trade-off max;-; max,cx Aij(x). Second, A, only depends on the Pareto front of the multi-
objective bandit problem, reflecting a local property of Pareto optimal arms. Third, in the
two-objective case with X = [0, 1], A« can be upper bounded by the product of the Lipschitz
constant of the inverse function of u!(x) and the Lipschitz constant of u?(x).

8.4 Regret Reduction and )\,

In this section, we elaborate on two key techniques that reduce the regret bound from
O(T?/3) to O(A*(N) - TV/?), where A%(\) = 1+ A+ --- 4+ X~! for any i € [m]. These
techniques are (i) incorporating side information with A > A, and (ii) adopting a multi-stage
decision-making strategy. We first show how side information A facilitates the identification
of lexicographically optimal arms, thereby tightening the regret bound, and then explain
the motivation behind the multi-stage strategy.

8.4.1 How A REDUCES REGRET
Figure 4 illustrates how A, characterizes inter-objective trade-offs. It can be shown that

given any A > A, the lexicographically optimal arm can be identified as

2. = argmax(1 4+ )"l (2) + (1+ N2 (@) + -+ L+ )™ (@) + 4™ (@),
rzeX

which is a maximization of the weighted sum of expected payoffs.
Thus, applying the UCB strategy (Auer et al., 2002) to this weighted sum yields sub-
linear regret. Specifically, for each round ¢ € [T] and each arm x € X, define the lower and
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upper confidence bounds for objective ¢ € [m] as
li(x) = fi(2) = erl2),  w(r) = fiy(z) + cil(@),

where ¢(z) is the empirical mean, and ¢;(z) = O (\/1 / nt(x)) is the confidence term based
on the number of times arm x has been pulled up to round ¢.
According to the UCB strategy, the arm selected at round ¢ is

zp = argmax(1 4+ N Yy (2) + (1 4+ N)™2ud(x) + - 4+ (1 + Nu ) + u(x).
reX

Under this rule, the cumulative regret is bounded as follows:

T m
L+ M) RYT) + 1+ XN 2RY(T) + -+ R™(T) < DD (1+ )™ 2¢,(x).
t=1 i=1
Taking ¢; = 9] ( ﬁ) into above equation,we obtain the bound

m nr(z)
L+ N RYT) + A+ N 2R(T) + ...+ R™(T) < > (143" 9 (f) :

i=1 eX k=1

8

Using the bound ZnT(x) O(1/VE) = O(y/nr(x)), we get

(1+ N IRYT) + (1 + N 2R2(T) + ... + R™(T) < Zm: 1+0)™ 30 <\/nT( ))

zeX

(1+ N0 (W) .

Mg Ik

N
Il
—

This implies that for any i € [m)],

m

RY(T) <Y (14 N)"0(/|X[T). (45)

i=1

Importantly, this shows that access to the trade-off parameter A > A, allows even a
simple UCB-based approach to achieve a regret bound of O(v/T). Thus, the knowledge of
A directly leads to improved regret performance over PF-LEX.

8.4.2 MOTIVATION OF THE MULTI-STAGE STRATEGY

While the weighted-sum UCB approach achieves improved regret, the bound in Eq. (45)
scales with the number of objectives m. For instance, when A = 0 (i.e., no conflict among
objectives), the bound becomes O(m+/T), which is worse than the O(\F ) regret in single-
objective settings (Lattimore and Szepesvéri, 2020).

To address this limitation, we adopt the framework of Hiiyiik and Tekin (2021), which
handles the prioritized objective by sequentially eliminating suboptimal arms from the most
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to the least important objective. This procedure prevents the regret of each objective from
compounding across all objectives, thereby removing the multiplicative factor m from the
regret bound.

However, PF-LEX (Hiiyiikk and Tekin, 2021) employs a pure exploration phase that
entirely ignores exploitation, leading to a suboptimal regret bound even equipped with the
trade-off parameter A. Precisely, PF-LEX (Hiiyiik and Tekin, 2021) takes a fixed constant
€ > 0 as input and considers two cases when selecting arms:

(i) If there exists x; € X such that ¢;(z;) > €, PF-LEX selects x; for exploration.

(ii) Otherwise, it filters the promising arms from the 1-st to the m-th objective and selects
an arm from the final filtered set.

The case ¢;(z;) > € corresponds to a pure exploration step, which entirely ignores ex-
ploitation and results in suboptimal regret. To overcome this drawback, we replace the fixed
exploration parameter € with an exponentially decreasing sequence {%, 2%, e 2%, 25%, o
which gradually shift the algorithm from exploration to exploitation. This adaptive explo-
ration—exploitation balance is incorporated into Algorithms 2 and 4, enabling our methods
to achieve more efficient regret performance across all objectives and yielding lower overall

regret bounds compared to PF-LEX.

9 Conclusion and Future Work

In this paper, we study the MOLB model under lexicographic ordering. First, we introduce
the local trade-off parameter A, to depict the trade-off between different objectives. Based
on this, we propose two parameter-dependent algorithms, SDLO and ADLO, both requiring
a parameter A > A, as input. SDLO is straightforward but relies on an oracle, and achieves
a regret bound of O(A*(\)T(1+de)/(2+de)y for the i-th objective, where i € [m], AY(\) =
14+ X+ -+ X~ and d. is the covering dimension of arm space. ADLO removes the
dependence on oracle and achieves a regret bound of O(A*(A\)T(1+42)/(2+d2)) for the i-th
objective, where i € [m] and d’ is the zooming dimension of the i-th objective. When the
arm set is finite, i.e., X = K, both SDLO and ADLO improve the regret bound of PF-LEX
(Hiiyiik and Tekin, 2021) by a factor of O((KT)Y6) since d. = 0 and d’. = 0 in the K-armed
bandit setting. However, PF-LEX does not require prior knowledge of A\. Next, we establish
a lower bound for lexicographic MOLB problem, indicating that ADLO is optimal in terms
of Ay and T'. Finally, we present UCB-ADLO, a parameter-free algorithm that does require
knowledge about the local trade-off A.. For m = 2, UCB-ADLO achieves a regret bound
of O(AI(A,)TB+4)/BA46)) for any objective i € [m], which is optimal in terms of \,.
All regret bounds in this work are derived under the general regret, which independently
evaluates the performance of each objective.

Although UCB-ADLO operates without requiring trade-off information A, its regret
bound is suboptimal concerning the time horizon 7', and it is limited to handling only
two objectives (m = 2). Therefore, two challenging open problems remain: developing a
parameter-free algorithm that achieves a regret bound of O(A*(\,)T(1Hd)/(2+d2)) for the
i-th objective, and extending the parameter-free algorithm to any number of objectives.
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Appendix A. Improved Regret Bounds via a Stronger Assumption

The exponential dependence between the trade-off parameter A > A\, and objective index ¢
in Theorems 1 and 2 may induce excessive regret for lower-priority objectives. To address
this limitation, we introduce a stronger assumption that enables substantially improved
regret bounds through modified algorithms.

Assumption 1 There exists by > 0 such that for all arms x € X and objectives i > 2,

i) = i () < X (! () = pt ().

This assumption quantifies the maximum relative improvement permitted for secondary
objectives when degrading the primary objective. Unlike the trade-off parameter A\, defined
in Eq. (3), which remains finite in all MOMARB problems, Assumption 1 may fail in scenarios
where no finite A exists. For instance, consider two arms with expected rewards [2,2, 2]
and [2,1,4]. Here, A\, = 2 is well-defined, but no finite \ satisfies the inequality for all
objectives, as the third objective’s improvement (4 vs. 2) cannot be bounded proportionally
to the unchanged first objective. This demonstrates that Assumption 1 imposes a stricter
requirement than the trade-off parameter A\, property.

A.1 Modified SDLO Algorithm and Analysis

Modified SDLO. Under Assumption 1, we replace the filtering step (Step 9) in Algorithm 2
with: . ' ‘ o B
Ai = {x e A1 | fi(a) > fi(@)) — (14203 > 2)) - (r+2- 2*8)} . (46)

This modification yields the following refined regret bound.

Theorem 5 Suppose that (2), (5), and Assumption 1 hold. If Modified SDLO is run with
r >0 and X\, then with probability at least 1 — §, the regret of SDLO can be bounded as

RUT) < 21+ N(i > 2)) - (rT + 8\/aTNc(r)T> i € [m]
where ap = 41n (mN.(r)T/9).

Proof Sketch. The proof follows a structure similar to that of Theorem 1 (Section 4.2.1),
relying on two key lemmas, which are adaptations of Lemmas 2 and 3.

Lemma 13 Under Assumption 1 and modified filtering (46), with probability at least 1 —4,
for any x € As, 4 B
Al(z) <2(1+ (i >2)) - (r+2-27°T1) i € [m).
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Lemma 14 Under Assumption 1 and modified filtering (46), with probability at least 1 —4,
the regret for any x € A can be bounded as

() Al(z) < 2(1 4+ A0 > 2)) - (rnT(:v) n 8m) i € [m)]
where ap = 41n (4mN.(r)T/9).
Proof. The proof mirrors that of Lemma 3. For brevity, we outline the key steps:
1. If np(x) = 1, Lemma 14 holds trivially.

2. For np(x) > 2, let sp(x) denote the stage at which = was last chosen. Then:
np(z) < 27O Sapnp(a). (47)

3. Multiplying np(x) on both sides of the inequality in Lemma 13 yields
() Al (z) < 2(1 + AL(E > 2)) - (mT(x) Y 2*ST<I>+1nT(a;>) . (48)
4. Replacing the second term on the right-hand side of Eq. (48) by Eq. (47) concludes
the proof of Lemma 14.

|
Equipped with Lemma 14, we can now complete the proof of Theorem 5. For any
objective i € [m], its regret can be written as

RUT) = Tpi () = Y pi () = 3 nr(2)A(a).

t=1 €A

Applying Lemma 14 to above equation, we obtain

RU(T) < 2(1+ AI(i > 2)) - <rnT(1‘) + 8\/04TnT(:U))

zeA

Due to the fact ., nr(z) = T and Cauchy-Schwarz inequality, we obtain that

RI(T) < 2(1 + N(i > 2)) - (rT + 8\/aTNc(r)T) .

This concludes the proof of Theorem 5. |

A.2 Improved Regret Bound for ADLO

Modified ADLO. Under Assumption 1, we replace the filtering step (Step 9) in Algo-
rithm 4 with:

A= {w e A | pi(a) = (@) — (3+ 631G > 2)) - 277, (49)
This leads to the following refined bound.
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Theorem 6 Suppose that (2), (5) and Assumption 1 hold. If Modified ADLO is run with
A, then with probability at least 1 — 4, for any objective i € [m], its regret can be bounded as

R(T) < inf | (14X >2))roT +1152(1+ Al(i > 2))ar  » . Ni277)-27 |,

> TQG(U,I) jEN,Z*jZTO
where & = 41n(4mT?/6).
Proof. The proof follows that of Theorem 2, with A“(\) replaced by 1+ (i > 2). [

In summary, the exponential dependence A“(\) = 1+ A+ ---+ Xi~! for i € [m] appears
to be intrinsic in the general lexicographic setting. However, under stronger assumptions
that impose tighter coupling between objectives (e.g., Assumption 1), this dependence can
be significantly reduced.

Appendix B. Proof of Corollary 1

According to Theorem 1, we have that with probability at least 1 — §, for any objective
i € [m], the regret of SDLO can be bounded as

R(T) < 2A%(\) (TT + 8\/aTNc(r)T) (50)

where AY(A) =14+ A+ -+ X1 and ar = 41n (mN(r)T/6).
Recalling the definition of covering dimension d.. in Eq. (7), we have that N,(r) < Cr—%
for some constant C' > 0. Taking this inequality into Eq. (50), we obtain that for any i € [m],

RYT) < 2A%(\) <rT + 8\/04TC’T/rdC> :

1
To minimize the right hand side of the above inequality, we take r = T" 2+dc and obtain
that for any i € [m],

1+de 1+dc

RI(T) < 2AF()) (T% + s(aTC)%Tz+dc) < 32AT(\)(arC) s T 2o

The proof of Corollary 1 is finished. |

Appendix C. Proof of Corollary 2

According to Theorem 2, we have that with probability at least 1 — §, for any objective
i € [m], the regret of ADLO can be bounded as

R(T) < inf [Nl + 11520 (Nar S Ni27)- 2/ (51)
ro€(0,1) JEN,2=i>rg

where A'(A) =14+ A+ + A" and ar = 8In(2mT/9).
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Recalling the definition of zooming dimension d’ in Eq. (10), for any i € [m], there
exists a constant Z; > 0 such that Ni(r) < Z;r~% for any r > 0. Taking this inequality
into Eq. (51), we obtain that for any i € [m],

R(T) < inf (Aol + 11520 (Narz; Y. 2@+ ) (52)

" ro€(0,1 i
0 ( ) jENaZ_ero

The last term of above inequality can be further relaxed as

UOg2 LJ 1 .
" logy —+1 dé
2j(d§+1) < ’ 2j(dg+1) < 082 75 T 2j(d?z+1)d. < (2/7“0) =t
2 > = =@ )me
JEN,27I>rg 7=0 Jj=0 z

Taking this into Eq. (52), we obtain that for any i € [m)],

R(T) < inf (Ai(A)roTJr1152Ai(A)angiHZirO—(diH))_
ro€(0,1)

Taking ro = (Z;/T)Y/(2+42) we obtain that for any i € [m],

1 di+1 1 di+1

RUT) < NN Z= T vz 4 11520 (N)ap2h 225 2 aive,

The proof of Corollary 2 is finished. |

Appendix D. Proof of Lemma 2

Let Zx« € A be the center of ball used to cover the lexicographically optimal arm x, € X,
such that z, € B(Zy+,r). We first prove that the sequentially filtering from the first objective
to the m-th objective in MSDM-SD does not exclude Zy+« from A7" and that the arms in
AT are promising for all objectives.

Lemma 15 If Ty« € AY, then with probability at least 1 — 4,

Ty € AL, and
i (22) — i) < 20N (r+2-27%),1 € [m]
for any x € A™, where A'(A\) =1+ X+ -+ \i7L,

s

Proof. We use the induction method with respect to objective index i € [m] to prove
Lemma 8. For i = 1, according to Lemma 1 and the Lipschitz property, we obtain

B (@) > ) — 270 > () — - 20, (53)
Since 7¢(z) < 27 for any = € A, we deduce

ph(aa) > g (2y) > iy (27) — 27 (54)
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Combining inequalities (53) and (54), we find that
it () = () =7 — 2277,

which indicates 7+ € A! according to the filtering mechanism of MSDM-SD (Step 9).
Next, reusing the fact that ry(z) < 27% and the Step 9 of MSDM-SD, we get that for
any x € Al
ph(x) > g (e) = 27° > iy (&) —r —3-27".

Due to Zg+ € A and &} = argmax,¢ A fit(x), the above inequality can be relaxed as
phH(x) = iy (@) =7 —3-27%.
<

Then, according Lemma 1 and ry(z) < 27° for any x € A?, the above inequality can be

further relaxed as
pr(z) > pr(Tpe) —r —4-275,

Since z, € B(Zy+,r) and p!(-) satisfies Lipschitz property, we obtain that for any x € A,
ph(z) — pl(z) <2r+4-275

We have finished the proof for ¢ = 1.
Next, we prove that for 1 > 2, if Tj~ € Aé;l and

1 (wa) — i () 20 (N) - (r+2-27%),5 € [i — 1]
for any x € Aé;l, then Z;- € A} and

i) = pi(z) < 20°(N) - (r+2-27%).

for any € A} ,.
According to the definition of local trade-off in Eq. (3), it is evident that

() 2 (@) = A+ s () = (3 (55)

Then, based on Lemma 1 and Lipschitz property, we obtain
[T ) > pt (T ) — 275 > pl(zy) — 1 — 275, (56)
Combining inequalities (55) and (56), we deduce that
[ (T ) > (@) — 20 - AT A (r4+2-27%) —r — 275,
Reusing Lemma 1 and r;(2%) < 27%, we derive that
i (he) = () — (20 AU ) 4 1) (r 42 277)

which indicates Zj+ € A% according to the filtering mechanism of MSDM-SD (Step 9).
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Reusing the fact that ry(z) < 27° and the Step 9 of MSDM-SD, we get that for any
xe A,
i) = () — 27 2 J(E) — 270 — (20 AT ) 1) - (4 2-27),
Due to Zp+ € AL and 4% = argmax, . ji-1 fii(x), the above inequality can be relaxed as
W) > () — 275 = A AT ) + 1) - (r 422 270),
Thus, we obtain that for any z € A%,
pi(x) > pi (T ) —2-27°— (2A-ATY ) +1) - (r+2-279)
> i(z,) — 2000 - (r 4+ 2 27%)
where the second inequality is derived from x, € B(Zg«,7) and AY(\) = 1+ X-A"1(\). The
proof of Lemma 15 is finished. |
Now, we are ready to prove the Lemma 2. To employ the Lemma 15, we need to prove
that g« € .,42 for s > 1. We accomplish this through the induction method with respect
to the stage index s. For s = 1, Zy+ € AY obviously since A} = A. Next, for s > 2, we
assume that Zj« € A% ;. According to Lemma 15, it follows that Zy- € A™ ;. Given that

AY =A™ || we conclude that Ty« € A?’S.
Since 7y« € A%, Lemma 15 tells that for any = € A™,

W () — () < 200 - (r +2-279),0 € [m]
Thus, Lemma 2 holds for s > 2 due to Ay = A7* . For the case when s = 1, it is clear that
pi(xs) — pi(x) < 2AYN) - (r + 2). The proof of Lemma 2 is finished. [ |
Appendix E. Proof of Lemma 4

The proof of Lemma 4 is similar to the proof of Lemma 1 but with a candidate arm set jT.
ADLO picks arms at most T arms, we have |Ap| < T. Replacing N.(r) of Lemma 1 with
T concludes the proof of Lemma, 1. |

Appendix F. Proof of Lemma 5

Let #, € A; be the center of the ball used to cover the lexicographically optimal arm
x. € X, such that . € B(Z4,1(Z+)). To initiate the proof of Lemma 5, we demonstrate
that sequentially filtering from the first objective to the m-th objective in MSDM-AD does
not exclude Z, from A}’ and that the arms in A}, are promising for all objectives.

Lemma 16 If z, € ,ngs, then with probability at least 1 — 9,

Ty € Ki,s, and
() — (@) < 6AI(A) -27%, 7 € [m]

for any x € ﬁ?“s, where A(A) =1+ A+ -+ XL
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Proof. To prove this lemma, we employ the induction method with respect to the objective
index i € [m]. For i = 1, according to Lemma 1 and the Lipschitz property, we obtain

/:l%(i'*) + 27’t(«%*) > Nl(j*) + Tt(j*) > ,U/l(fz*)' (57)

Since 7 (x) < 27¢ for any x € A}, we deduce
pi(za) > () > phah) — 2. (58)
Combining inequalities (57) and (58), we find that
pHE) > iEh -3 27
which indicates Z. € ./Ttls according to the filtering mechanism of MSDM-AD (Step 9).
Next, reusing the fact that r;(z) < 27 and the Step 9 of MSDM-AD, we get that for
any © € A},
pH(x) > fif () —27° > fuy (&) —4-27%.
Due to 2, € ng and &} = argmax__ A, fif (), the above inequality can be relaxed as
W) > () — 402
Recalling inequality (57), we obtain that for any x € .Ztl,s,
1 1 —s
W (z,) — () <627

The proof for ¢ = 1 is completed. N
Next, we prove that for ¢ > 2, if 7, € Ai;l and

W (22) — i (z) < 6X;- 2755 € [i — 1]
for any x € .,Z;_SI, then ., € .,Z%S and

p(as) — ' (x) < 6AT(N) -27°

for any x € .Z%S
According to assumption (3), it is evident that

pl () > it (#7) — A -jrerfg]{uj(w*) — 1 (&)} (59)

Then, based on Lemma 1 and Lipschitz property, we obtain
i(Ts) + 2re(E2) 2 0 (Z) +1(22) 2 pl (@) (60)
Combining inequalities (59) and (60), we deduce that

(0 () + 2rp(F4) > p(80) — 6A- ATTH(N) - 275,

41



XUE, CHENG, Liu, WANG, ZHANG, AND ZHANG

Due to Lemma 1 and ry(x) < 27° for all z € .Zt,s, we derive that
iy (Ee) > iy (87) — 3+ 6X- A7H(N))-27°

which indicates Z. € /ﬁs according to the filtering mechanism of MSDM-AD (Step 9).
Reusing the fact that r;(z) < 27° and the Step 9 of MSDM-AD, we get that for any
r e A,
pi(x) = fuy(x) —27°

> fif (2)) — (4+6X- A1 (N) - 27°
Due to Z, € .,AT;_SI and #! = argmax e di fi(x

), the above inequality can be relaxed as

() > i(E,) — (446X ATTE(N) - 27,
Recalling inequality (60) and A(A\) =1+ X- A""}()), we obtain that for any x € At s
pH(x) > ' (2,) = 6AT(N) - 27

The proof of Lemma 16 is finished. |
Now, we are ready to prove the Lemma 5. To employ the Lemma 16, we need to prove
that z, € Ag’s for s > 1. We accomplish this through the induction method with respect to

the stage index s. For s =1, z, € ng,l obviously since ./121 = A,. Next, for the inductive
step when s > 2, we assume that z, € .Zg <—1- According to Lemma 16, it follows that
Ty € At ' _1- Given that A .Zt ' _1, we conclude that Z, € .At s

Since T, € At 50 Lemma 16 tells that for any x € At .

() — () < 6AY(N) - 27, € [m].

Thus, Lemma 5 holds for s > 2 due to .Zt’s = .ZZ‘S_I. For the case when s = 1, it is clear
that p!(x,) — p'(z) < 6A%(N\). The proof of Lemma 5 is finished. [ |

Appendix G. Proof of Lemma 6

We employ the proof by contradiction to establish Lemma 6. Recalling the definition of
the r-zooming number, .Z’ can be covered by no more than N!(277) balls with radius
277/96. We will now demonstrate that each of these balls contains at most one arm from
A Suppose there exists a ball containing two arms u,v € Al On one hand, we have

1
D(u,v) < ——.
() < 7%

On the other hand, we assume arm u is added into the arm set /TT before arm v. Let ¢ be
the time when v is added into Ap. Step 4 of ADLO ensures that

D(u,v) > r¢(u). (61)

If the last time u played before the ¢-th round occurs at the ¢’-th round and s’-th stage, we
obtain

re(u) > %rtr(u) > 2751, (62)
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Lemma 5 states that ‘ ‘
A'(u) < 12A*(N) -27° i € [m]. (63)

Combining inequalities (62) and (63) reveals that
Al(u) < 24N (N) - re(u).
Recalling the definition of JZ(; in (21), we deduce

1

) > 5

which contradicts (61). Therefore, each of the N 1(277) balls contains at most one arm from
A;-, implying

| < Vi)
The proof is finished. |

Appendix H. Proof of Lemma 8
Recalling the definition of R.(T'), we have

R.(T)= inf |roT+InT N.(277) .27
c( ) ro€(0,1) 0 jeNQZj>TO c( )

< inf T+1InT - N, E 2J
- T0 ér(loﬂl) TO + " C(TO) . .
]€N727]27'0

where the inequality is due to N.(r) is non-increasing with respect to r. The last term of
the above inequality can be bounded as

UOgQ 7“0

Z Z 2] < 2'.10g2 "”OJ S

) ' ro
JEN,27I>rg

Combining the above inequalities, we have

R.(T) < inf <7‘0T +2InT - NC(TO)) . (64)

~ roe(0,1) TQ

Define function f(r) = N;;g”). Since f(1) =1, lim,_o f(r) = 400, and f(r) is decreasing on
(0,1), there must exist some 7 € (0, 1) satisfying

f(#7) <T < f(7/2).
Taking 7 into the right hand side of Eq. (64) and considering f(7) < T', we have

Ro(T) <#T(1+2InT).
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Due to 7 = W% and R < R.(T'), we have

PT(1+2InT)

r <
"= T 6T T

IN

N | 3
N |

Next, considering T < f(7/2), we have
T < T(7/2)° < f(7/2) - (7/2)* < Ne(P).

Due to the fact that for any r > 0, N.(r) < Npy(r) (Kleinberg et al., 2008) and N,(r) > 2,
the proof is finished. [ |

Appendix I. Proof of Lemma 9

To bound the KL divergence from QOT to Qgﬂ, we first analyze the KL divergence between
the payoff distributions py = p{x ... xp5* and p; = p}l x...xpg'. Recalling the distributions
defined in Eq. (26) and Eq. (29), the KL divergence can be calculated as

i=1 i1 H n(@
m J m i J mn 7
ph() \ ) (( () ) ()
+ Z 1——-=r H 7In — =7 H
J 2 J i
j=1 A (A) i=1,i#j AT() A7(A) i=1,i4j 15 (2)
+oot
. () ~> L s ()7 /A
+ 1——-57|ln A ,
}_[1 < Ar(N) Zl_[l 1 — pk ()7 /AL(N)
. . . . mo(@) _ pd(e) _ o pg(x)
which considers all possible values of the payoffs. Since 3% ™ = A2y = = &y and
pple) _ ugl@) () the above KL-divergence can be simplified as

Ay T AN AN

K L(po, p7) = <X§Ei)) ":) i <<Zig§ ) m>
+

e (- 5 () (-4 (A5) )
e (-5 () (-850 (D))
+ot
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By applying a further relaxation, we obtain the upper bound

KL(py,ps) <2" <A1<(A;f)mln<<uo<x>> )
e () ()
o [ (10) (- ) L)

Recalling the definition of u% () and () in Eq. (25) and Eq. (28), we can easily obtain

—_

po(x) = i (2), Ve € X — Si;
1 AT(N)

< pl . 7 5.

S

ph(x) < i (x

Therefore, for any x € X — S;, we have KL(pg,pn) = 0. For any = € S, we can relax
K L(po, pi) as

N (@) 1— g ()7/ AT (V)
KL(po,pn) < 27 (1‘ Al()\)r> ln<1—u(1)(x)f//\1(>\)0— f2/<8m-2m-Am<A>>>'

Due to In(z) <z — 1 for any = > 0, we can relax the above inequality as

m () 2/(8m - 2™ - A™(N))
K pn) <27 me (1 58057 (- KN /AT (N — 2/ (8m - 27 o)
72 (72/(8m - 2™ - A™())))?

TRAMON 1= i @)/ AN — 2/ 8m 27 - Am(N)

. i A\ - 3AY (A
Since Mo(x) S [gm.QmSA)m@)h 4m.ém.(,\n)m()\

er (72/(8m - 2™ - A™(N)))?
8 1-—7r2/(8m-2m - A™()\))’

)f], the above inequality can be further relaxed as

KL(po,pr) <

Lemma 8 tells that 7 < 1/2, which means 47> < 1. Thus, we can relax the above inequality
as
s (7/8)? 13

KL(po, ps) < — + —\/OF 29 5o 65
(Po.Pa) < 5+ =778 ~ 00" (65)

After analyzing the payoff distributions, we will take the decision at the ¢-th round into
account. Let K'L(-,-|-) be the conditional KL divergence. For t =1,2,...,T, we have

KL(QP,Qfhi1) = >~ QP (ho)! (thtlhtl)

h et

QY (yt|ze, hy— 1))
(’yt|33t,ht 1)

QY
i
oF
Qr
’yt\l’t,ht—l))
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where the last equality is due to for any algorithm A, the distribution of z; is fixed once the
hi—1 is given. Based on the full probability formula, the above equation can be rewritten as

KLQL Q)= 3 3 Q?<mt,yt,ht_1>1n(é??<ytlwt—1>>

n
hi—1€Qt=1 (z4,y:)EQ Qt (yt’%t; ht—l)

he 12001 (2090€9 Q7 (ye|xe, hi—1)

- Y Y QY he) 3 e

he_1€Qt—1 3 X Y1 €{01 /7} X .. x {0, Am /7}

= S QU he 1)K L(po,pr)

ht_1€Qt71 TEX

-2 X Q?<yt!a:t,ht_1>Q?(xt,ht_1)1n(Qt (yilee, e 1>>
0
Qe
7

(ytlxt)>

(yt| 1)

Taking Eq. (65) into the above equation, we get

. 13
0 2
KL(Qy,Qf |hi—1) < E g QY(x4, hi—1) 100"
hi1€Qt—1 2,57

13
=Tog" @¢(@t € Si).

By the chain rule of KL divergence, we have

T
KL(Q%, @F) = 3 KL(Q), Qflin ) < 157 Z Q) (w1 € 83) = 557 By 7). (66)
t=1
Recalling the Eq. (30) that Ego [Z;] < T/N and N = max{2, |77, we have
3__
EQ% [Zﬁ] S 57‘ 2.
Taking the above equation into Eq. (66) finishes the proof. |

Appendix J. Proof of Lemma 13

Let Zx« € A be the center of ball used to cover the lexicographically optimal arm x, € X,
such that x, € B(Zy,r). Following the proof structure of Lemma 2, we first establish a
counterpart of Lemma 15:

Lemma 17 Under Assumption 1 and modified filtering (46), if Zp- € A%, then with prob-
ability at least 1 — 0,

Ty € .Ai, and
ph(.) = pi () < 21+ MI(i > 2)) - (r+2-27%),i € [m]

for any x € A™, where A'(A\) =1+ X+ --- + \i7L,
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Proof. For i = 1, according to Lemma 1 and the Lipschitz property, we obtain
@) = it (ge) = 270 = () =7 — 27 (67)
Since r(x) < 27° for any = € A%, we deduce
pH(ws) = (&) > g (@) —27° (68)
Combining inequalities (67) and (68), we find that
i (Tae) > g (2g) =7 = 2277,

which indicates Zj~ € Al according to the filtering mechanism in Eq. (46).
Next, reusing the fact that r¢(x) < 27% and Eq. (46), we get that for any = € Al

ph(@) > iy (w) =275 > iy (&) —r—3-27%.
Due to Zg+ € A and #} = argmax,¢ A fit (x), the above inequality can be relaxed as
ph(@) = fiy () —r = 3-27°
<

Then, according Lemma 1 and r(x)
further relaxed as

27 for any = € AY, the above inequality can be
W) > () — 7 — 427

Since z, € B(Zg+,r) and p!(-) satisfies Lipschitz property, we obtain that for any x € AL,
pl(zy) — pt(z) <2r +4-275

We have finished the proof for ¢ = 1.
For ¢ > 2, Assumption 1 tells that

i) 2 (@) = A ('t (2.) — 1 (31)). (69)
Then, based on Lemma 1 and Lipschitz property, we obtain
fuf (T ) > pt (Tpe) — 275 > pl(wa) — 1 — 27°, (70)
Combining inequalities (69) and (70), we deduce that
fi(Zpe) > pi(@) =20 (r+2-27%) —r —27%,
Reusing Lemma 1 and r(2%) < 27, we derive that
(@) > pi(3)) — @A+ 1) - (r+2-27%)

which indicates Z+ € A% according to the filtering mechanism in Eq. (46).
Reusing the fact that 74(z) < 27° and Eq. (46), we get that for any z € A%,

pha) > fii(z) — 277 > (a}) — 270 = A+ 1) - (r+2-27%).
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Figure 5: Instances of the Lower Bound.

Due to Ty« € A1 and & = argmax . si-1 fii(x), the above inequality can be relaxed as
i) > i (Te) — 275 — (2A+ 1) - (r+2-279).

Thus, we obtain that for any = € A%,

A\

pi(z) > () — 2275 — (2A+ 1) - (r+2-27%)

> () — 20+ 1) - (r+2-27%)

where the second inequality follows from z, € B(Zg«,r). [ |
With Lemma 17, the proof of Lemma 13 follows by induction on the stage index s,
analogous to the proof of Lemma 2. |

Appendix K. Proof of the 1-Lipschitz Continuity

In this section, we prove that the constructed instance in the lower bound satisfies the
1-Lipschitz continuity. Recall that for the instance defined in Eq. (25), the expected payoff
function for the objective ¢ € [m] is defined as follows:

T N .
8 m-2m Am(x,) = Un
iy )3 1 N . :
i, () 1 mo2m A o7 x =u;,j € [N] and j # n.

LSt oW
P2 Tm2m A,

R T, max i (u) — D, u)} , otherwise

where U = {uy,...,un} C X denotes the set of designated arms, and D(x,y) denotes the
metric on X.
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To aid intuition, Figure 5 illustrates u(z) for the case where X = [0, 1] and D(z,y) =
|x — y|. Below, we provide a rigorous proof that u! (z) satisfies Lipschitz continuity with

Lipschitz constant at most 1. We consider the following cases:

e Case 1: z,y € U = {uy,...,un}. Let x = u; and y = uj. The maximum difference

in expected payoffs is

. , 1 1 A
v Y < Z. . .

Since D(x,y) > 7 by construction, it follows that

1 AP\

() = ) € § - o ey D) < Dlay).

e Case 2: © = uy, D(up,y) < % . % . f;(é\**) -7. In this case, the function is defined as

~

1 (y) = pi(x) — D(z, y),

hence,

e Case 3: © = up, D(up,y) > %' om AT;I(A*) T
In this case,

N 1 AT(N)
Mn(y) - 5 ’ m . om Am()\*) T
SO
; ; 3 1 AP,
i () — iy ()| 8 moom A < D(x,y)

e Case 4: x = uy, D(up,y) > %W AT () T
In this case,

SO

1 1 AP,

(@) )| = § - g oy T Py < D)

For the case where x # u,, the geometric relationship shown in Figure 5 provides the
necessary framework to extend the preceding argument, thereby verifying that Eq. (25)

satisfies Lipschitz continuity.
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